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/ Linearized GR
1

1
Liinear = —§aAhWaAhW + 8,hn 0" hH* — 8,h" B, h + §8AhaAh

+%m2 (h? = h h™)

Fierz-Pauli mass term



Problems and difficulties (1)

 van Dam-Veltman-Zakharov (vDVZ) discontinuity
The helicity-0 mode couples to the trace of the matter
energy-momentum tensor with the same strength as the

helicity-2 modes, which prevents the theory from recovering
linearized GR in the massless limit.
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A tension between nonlinearity and the health of the theory.
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Hamiltonian of GR
P s ot N 2 (i 1o _1\/53(3)%] — VAN, V. 2
ar = 7 T Mg = 5 MMy 5 V2 \/Eﬂ'
For a general mass term U (N, N;, h;;), {N, N} are NOT Lagrange multiplier any more.
All components of h,, get excited.
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Ghost-free nonliear mass terms (dRGT)

C. de Rham and G. Gabadadze, Phys.Rev. D82 (2010) 044020
C. de Rham, G. Gabadadze, and A. J. Tolley, Phys.Rev.Lett. 106 (2011) 231101

Metric perturbation (around Minkowski): how = Guw — N

Covariantized metric perturbation

_ 09" 9¢h o L g (b — b
h,u/ —3 H/u/ — nab@axl/ ¢ ) (LIZ' T l‘
Covariantized mass terms Goldstones
U My hp) = U (s Hyw)
Covariantization of Fierz-Pauli term:
2 2
B = [n?] — v=g (1] - [H7]) W =ht, [B2] = By

Necessary condition for ghost-free in the Stueckelberg analysis:

In the decoupling limit, the helicity-0 mode = (defined by n,=d,n) has NO
high order equation of motion.

— 7 has no self-interactions!



Stueckelberg expansions

2nd order: I, =0,0,7
VI (1 - [a7)
decoupling limit> ([H]Q B [H2]) n ([H3:| B [H] [H2:|) i i ([Hgf B [Hﬂ) + 0 (7T5)

total derivative ghost reappears at nonlinear order



Stueckelberg expansions

2nd order: 1, =90,0,m
V29 (1af* - (7))
mping ik, (12— [112]) + ([0°] (11 [22]) + 5 ([0%)° ~ [14]) + O (%)
total derivative ghost reappears at nonlinear order

Adding higher order compensation terms.

VI () (1] - [F9))

8
decoupling limit> [H] [HQ} o [HS} 4+ (% [Hﬂ o [H] [H3] _ % [HQ] 2) + O (7T5)




Stueckelberg expansions

2nd order: 1, =90,0,m
V29 (1af* - (7))
mping ik, (12— [112]) + ([0°] (11 [22]) + 5 ([0%)° ~ [14]) + O (%)
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VI () (1] - [F9))

8
upling limi 1
decoupling 1 t> [H] [HQ} o [HS} . (g [Hﬂ o [H] [H?’] o 5 [HQ} 2) + O (7T5)
A ghost-free combination up to the 3rd order

V=3 |7 (7 = [121) + 5 (1o 7] - 1))

8
decoupling limit> (Z [H4] o i [H2}2 - [H] [H3]) + O (71_5) .

ghost at 4th order




dRGT as resummation

This procedure can be performed at arbitrarily high order.

1
- ([H]2 - [HQ]) — Covariantization of Fierz-Pauli term

+z ((H] [H*] - [H])

,_lOOI|—k

v ([H2)" + 4 (H) [H] -5 [HY])

(5 (H] (1] + 2 [H7] [H°] -7 [59))

(v [7) + 5 [12] [1) + 2 [%)° — 21 [19])

+O (HT)

2
— [K]" = [’C2] — Nonlinear completion of Fierz-Pauli term

— Vel —HY = Z il (H™)L

2 n' )? (2n — 1)



The full dRGT terms

Full Lagrangian for the nonlinear ghost-free massive gravity

o %R—I— m2 (LdRGT,2 1. agﬁdRGT,i& LD a4£dRGT,4)

EdRGT,2 . KQ _ICMV’C/M/
LS = 8 — BICKC i ™ -+ 2HCE I

pN

LIRETA — I — 62, KM + 3 (K kM) + SICKEICYKCE, — 6KCLICLICRKCS,.
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Hamiltonian analysis (1)

The most general mass terms at the 2nd and 3rd orders:
51230'5 = bihi,hy, + bahy, MY,
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Using ADM variables:
ds* = — (N? — 47 N;N;) dt* + 2N;dtdz’ + ~;jda’ da’

N =1+ a, N; = i, Yij = 0ij + hij

In GR, it is the lapse N=7+a that acts as a Lagrange multiplier in Hamiltonian.
The mass terms should be tuned to be compatible with this fact.

LPoHADM — (b by) a? + 4brahy; + 2(by + 6¢1 + 2¢2) &by
—2b28:B; — 2 (2c2 + 3c3) aBiBi + brhiihj; + bahijhi;
+8(c1 + ¢2 + ¢3)
+2a (3cihiihi; + cahijhii) — 3cshi; BiBi — 2 (b1 + ¢2) hii B85
terhshyhae + cahuhsphise + eahighyphin
+0O (4)
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LP = by [(hghg — By h) + % (h® — 4l W + 3hEhYhe)

' (cl _ %In) (7 — 3h by ™ + 2HER2HE) + O ().



Hamiltonian analysis (3)
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Hamiltonian analysis (3)

Nonlinear completion
expansion of 2 _ I, KCHY
expansion of  K* — 3KK,, KM + 2KLKYKE,

"Pseudo-linear” mass terms

Nonlinear in h,,, but respecting the linearized diffeomorphism:

K. Hinterbichler, JHEP
0huy = 0,8, + 0,8, 1310 (2013) 102,

"Potentially" Ghost-free mass terms up to the 3rd order:
O 1% v 1 1% v
LReE — by [(hf;hy = b ) -+ B (h3 — Ah ™ + 3hﬁhphﬁ)
2

' (cl _ lbl) (7 — 3h by ™ + 2HER2HE) + O ().

Pseudo-linear counterpart of FP at 3rd order
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Non-GR derivative terms?
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allowed to consider other diffeomorphism non-invariant derivative terms.

« Conversely, if the derivative terms are non-GR, there is a possibility that
the mass term compatible with this non-GR derivative term is also
different from the dRGT mass term.

* We will have a more general class of massive gravity theories beyond the
dRGT one, as well as derivative interactions for multiple metrics.

~

M?, M2
,C = Tp\/—_gR [g] o Tp\/—_fR [f] 5 1 U(g“pfpy) A K(guw f,lu/avwvf)

/ \

potential interactions derivative interactions
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Ansatz at cubic order
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The most general Lorentz-invariant cubic derivative terms, with 14 parameters:

LS = c1h®P 0. h M Oshay, + cah®PDahydsht + csh®P OghyONh* + c4h™P O\RED hag
+eshQONREOM K + coh®P O\hY Dbl + crh®POsh O, bl + cshGDshP 9,k
+coh®P 0 hapduh + crohG O RGO, RY + c11h®P Orhg 0 h) + c12h®P 9, hsrd" )
+c13h2 O\ 0" RPN + 14020, hsa O R,

Requiring the cubic Lagrangian

Eger,ADM _ Eger,ADM (a, B, hij)

contains no time derivatives of a and f3; yields 12 constraints.

co = —cq, ég = 4dey, Ep = —261 cg = —5c1 + 2cs5,

C7 —4cq, ey = —3ey 1205, oy =26 ; g = 2

&1 = By — Zag, Gy =261, Gy = 9B, Glq = —0Cys



Ansatz at cubic order

The most general Lorentz-invariant cubic derivative terms, with 14 parameters:

L5 = cth®P0uhMsha, + c2h™ 0o h30shls + csh® B5h)0xhli + cah®PONKLO B
+eshQONREOMN, + coh™P ONhY O, 1Yy + crh®P Oshy 0,y + csh&DshP 9,k
+0oh®P 0 hap0u by + c10hSO W50, RY + c11h*POxhp 0" By + c12hP 0, hsa 0" h)
+c13h2 O\ 0" RPN + 14020, hsa O R,

Requiring the cubic Lagrangian
Eger,ADM — Eger,ADM (Oé, /BIL’, hq/])

contains no time derivatives of a and f3; yields 12 constraints.

co = —cq, ég = 4dey, Ep = —261 cg = —5c1 + 2cs5,
cr = —4c, cgs = —3c¢1 + 2cs, co = 2cx, c10 = —2cs,
c11 = 3c¢1 — 2c¢s, c12 = 2cq, c13 = 3¢y, Cl4 = —Cs.

With this choice of parameters, there is a constraint in the Hamiltonian:

§23{ADM
—=_— | = ith a =, Pi
det ( I ) 0, wit ne = {a, B}

which may eliminate the BD ghost.



Derivative terms at cubic order

"Potentially" ghost-free derivative terms up to the 3rd order:
bi

Cs — C1

L(Qier + Eger N

GR[]. GR} c1 —2C5 ,.pL(3
5 ([,2 [h] + L3 [h] + 3 (cs — c1)£ [h])




Derivative terms at cubic order

"Potentially" ghost-free derivative terms up to the 3rd order:

” - — 9 -
L(Qier i Eger — - (Eg}R[h] dis LgR[h] i C1 = C5 £PL [h])
¢ —ej 8(cs — 1)

by ~
h iy = h v
o 2(cs — 1) H

. L33 come from the expansion of the standard GR v—gR

«  £PY[h] s the "pseudo-linear derivative terms" at the 3rd order:

LV ot izl it 07 hyi 0,y

At the 3rd order in h,,, we indeed find non-GR derivative terms.



Derivative terms at cubic order

"Potentially" ghost-free derivative terms up to the 3rd order:

b3 ~ ~ c1 — 2c¢ -
fder | pder _ 1 rGRj, LGR}, 1 D rPL h>
o T4L3 (05—01)2<2 [h] + L3 []+8(c5—cl) I

by ~
= h v
oy 2(cs — 1) H

. L% come from the expansion of the standard GR v/—gR

« LPY[1] is the "pseudo-linear derivative terms" at the 3rd order:

LV ot izl it 07 hyi 0,y

At the 3rd order in h,,, we indeed find non-GR derivative terms.

The mass terms compatible with the derivative terms:

r12 5 5 / _
5 — C1

which are just the dRGT mass terms.
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Nonlinear completion?

GR dGRT

Nonlinear completion

higher order

Higher order generalization generalization??
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Nonlinear completion?

GR dGRT

Nonlinear completion

Higher order generali.  Higher orders NO-GO??

A A
de Rham, Matas, Tolley,
[arXiv:1311.6485]
pseudo-..
~ h4 |
pseudo-linear pseudo-linea,
~ h3 derivative terms!!
Linearized GR Fierz-Pauli
~ dhoh ~ h2

Pseudo-linear terms, respecting linearized diffeomorphism



* GR is the unique theory for a
spin-2 field, no matter it is
massless or massive.

 Pseudo-linear derivative terms
are special?

* Non-flat background?

Higher orders NO-GO??

pseudo-lineas
derivative terms!!



Thank you for your attention!



