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Linearized GR

Fierz-Pauli mass term



Problems and difficulties (1)

• van Dam-Veltman-Zakharov (vDVZ) discontinuity
The helicity-0 mode couples to the trace of the matter 
energy-momentum tensor with the same strength as the 
helicity-2 modes, which prevents the theory from recovering 
linearized GR in the massless limit.
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A tension between nonlinearity and the health of the theory.
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Problems and difficulties (2)

Hamiltonian of GR

Degrees of freedom in GR:

10 - 4 - 4 = 2

4 gauge d.o.f 4 constraints 2 polarizations of a massless graviton

The notion of mass for gravity requires a reference background        . 
Any given background breaks General Covariance.

Degrees of freedom for a general mass term:

10 - 4 = 5 + 1
2 polarizations of a massive graviton

Boulware-Deser (BD) ghost

For a general mass term                           , {N, Ni} are NOT Lagrange multiplier any more.
All components of hμν get excited.

Boulware and Deser, Phys.Rev. 
D6 (1972) 3368–3382.
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dGRT: Stueckelberg analysis

Necessary condition for ghost-free in the Stueckelberg analysis:
In the decoupling limit, the helicity-0 mode π (defined by πμ=∂μπ) has NO 
high order equation of motion.
→ π has no self-interactions!

Covariantization of Fierz-Pauli term:

C. de Rham and G. Gabadadze, Phys.Rev. D82 (2010) 044020
C. de Rham, G. Gabadadze, and A. J. Tolley, Phys.Rev.Lett. 106 (2011) 231101

Ghost-free nonliear mass terms (dRGT)

Metric perturbation (around Minkowski):

Covariantized metric perturbation

GoldstonesCovariantized mass terms
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Stueckelberg expansions

Adding higher order compensation terms.

2nd order:

ghost reappears at nonlinear ordertotal derivative

A ghost-free combination up to the 3rd order

ghost at 4th order



dRGT as resummation

This procedure can be performed at arbitrarily high order.

→ Nonlinear completion of Fierz-Pauli term

→ Covariantization of Fierz-Pauli term



The full dRGT terms
Full Lagrangian for the nonlinear ghost-free massive gravity
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Hamiltonian analysis (1)

In GR, it is the lapse N=1+α  that acts as a Lagrange multiplier in Hamiltonian. 
The mass terms should be tuned to be compatible with this fact.

The most general mass terms at the 2nd and 3rd orders:

Using ADM variables:
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Hamiltonian analysis (3)
Nonlinear completion

    expansion of 

    expansion of 

"Pseudo-linear" mass terms
   Nonlinear in hμν, but respecting the linearized diffeomorphism:

Pseudo-linear counterpart of FP at 3rd order

"Potentially" Ghost-free mass terms up to the 3rd order:

K. Hinterbichler, JHEP 
1310 (2013) 102,
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A missing block?

GR

Linearized GR
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Ansatz at cubic order
The most general Lorentz-invariant cubic derivative terms, with 14 parameters:

Requiring the cubic Lagrangian 

contains no time derivatives of α and βi yields 12 constraints.

With this choice of parameters, there is a constraint in the Hamiltonian:

which may eliminate the BD ghost.
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Derivative terms at cubic order
"Potentially" ghost-free derivative terms up to the 3rd order:

•              come from the expansion of the standard GR

•                  is the "pseudo-linear derivative terms" at the 3rd order: 

At the 3rd order in hμν, we indeed find non-GR derivative terms.

The mass terms compatible with the derivative terms:

which are just the dRGT mass terms.



Nonlinear completion

Nonlinear completion?

GR

Linearized GR
~ ∂h∂h

Fierz-Pauli
~ h2

dGRT

pseudo-linear
~ h3 

Higher order generalization

Pseudo-linear terms, respecting linearized diffeomorphism

pseudo-linear 
derivative terms!!

pseudo-linear
~ h4 



Nonlinear completion

Nonlinear completion?

GR

Linearized GR
~ ∂h∂h

Fierz-Pauli
~ h2

dGRT

pseudo-linear
~ h3 

Higher order generalization

Pseudo-linear terms, respecting linearized diffeomorphism

pseudo-linear 
derivative terms!!

higher order 
generalization??

pseudo-linear
~ h4 



Nonlinear completion

Nonlinear completion?

GR

Linearized GR
~ ∂h∂h

Fierz-Pauli
~ h2

dGRT

pseudo-linear
~ h3 

Higher order generalization

Pseudo-linear terms, respecting linearized diffeomorphism

pseudo-linear 
derivative terms!!

pseudo-linear
~ h4 

Higher orders NO-GO??
de Rham, Matas, Tolley, 
[arXiv:1311.6485]



Perspective

pseudo-linear 
derivative terms!!

Higher orders NO-GO??

• GR is the unique theory for a 
spin-2 field, no matter it is 
massless or massive.

• Pseudo-linear derivative terms 
are special?

• Non-flat background?



Thank you for your attention!


