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The decaying dark matter (DDM): 

DDM ! DM+ l

or

DDM ! DM+DM

One type of dark matter convert to another type in cosmic time scale

The new born dark matter has additional kinetic energy

Vk = �M/M · c
or

Vk =

p
2�M/M · c

Two decay parameters:
(⌧, Vk)



Additional coupling:
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Table 1
The cosmological simulations.

Label ⌧ [Gyr] Vk[km/s] L[Mpc/h] fs Ns ⌘

DS-1 13.79 100 20, 50 10 1 6.70%
DS-2 26.80 100 20, 50 10 1 3.50%
DS-3 13.79 200 50, 100 10 1 6.70%
DS-3a 13.79 200 50 24 1 2.85%
DS-3b 13.79 200 50 10 2 3.35%
DS-4 26.80 200 50, 100 10 1 3.50%
DS-5 13.79 500 100, 256 10 1 6.70%
DS-6 26.80 500 100, 256 10 1 3.50%
DS-7 13.79 1000 256 10 1 6.70%
DS-8 26.80 1000 256 10 1 3.50%

WS-0.5 - - 50 - - -
* – Columns from left to right: run label; lifetime of DDM
(⌧); recoil velocity (Vk); box size of the simulation (L), split
frequency (fs); number of daughters of each split (Ns) and
daughter to mother mass ratio (⌘). DS-3a and DS-3b have
been run with larger fs and Ns, respectively. Larger boxes are
used for higher recoil velocity DDM simulations, as they have
larger suppression scales (as shown in Fig. 3) . For each box
size, CDM simulation is also performed without being listed in
the table.

or more decay products models, the recoil velocities are
no more constants but follow distributions). The algo-
rithm is then implemented in the public N-body code
Gadget2 [Springel 2005].

2.2. N-body simulations

We assume a flat universe and ignore the influence of
baryonic matter in the matter dominated epoch. The
cosmological parameters are chosen as ⌦

m

= 0.3, ⌦⇤ =
0.7, h = 0.7, n

s

= 0.96 and �8 = 0.8. The decay pa-
rameters are set as ⌧ = {13.79, 26.80} Gyr, which corre-
sponds to 50% or 30% decays of dark matter at z = 0,
and V

k

= {100, 200, 500, 1000} km/s. To hightlight the
e↵ect of DDM, we also set up CDM and WDM simu-
lations for comparison. The initial conditions of CDM
simulations are generated at z = 100 with 2563 simula-
tion particles using the Zel’dovich approximation, where
the BBKS transfer function is adopted. The WDM sim-
ulation of 0.5 keV sterile neutrinos is set up using the
fitting transfer function from Abazajian(2006) with the
same redshift and particle numbers. Because of the long
lifetime we considered here, the decay e↵ect is negligible
at redshift larger than 100. Therefore, we start the DDM
simulations from the same initial conditions as the CDM
ones. The details of the DDM and WDM simulations are
summarized in Tab. 1.
Due to the existence of multi-mass simulation parti-

cles in the DDM simulations, friend-of-friend (FOF) halo
finder is no more proper to identify the bounded halos for
our simulations. We adopt the density based AHF code
to identify halos, the boundaries are defined at the radius
where the average halo density is 200 times larger than
the critical density of background universe. The power
spectra of the structures is calculated by assigning simu-
lation particles into grids, the highest k used is at the half
of the Nyquist frequency to avoid the aliasing e↵ect from
the discrete Fourier transformation (DFT) (Jing 2008).

2.3. Convergence tests

The physical quantities extracted from simulations
should depend on the decay parameters (⌧ and V

k

) rather
than the artificial simulation parameters (f

s

and N
s

).

For simulation DS-3 with the box size of 50 Mpc/h,
we performed two testing simulations DS-3a and DS-
3b, which have either higher f

s

or N
s

. We examine
the consistence of DS-3 by comparing its mass func-
tion and power spectrum at z = 0 with those from the
testing simulations. As can be found in the left pan-
els of Fig. 1, DS-3a and DS-3b reproduce the same
number density of halos as DS-3 at the high mass end
(M > 1013M�h

�1). Meanwhile, DS-3b is more close to
DS-3 than DS-3a for smaller halos, showing that N

s

is
more easily got converged than f

s

, however, the overall
di↵erences are still small (< 15%) among them. In the
right panels, we can see even better consistency in the
matter power spectrum. Even on the highly non-linear
scales (k > 10hMpc�1), there are less than 2% di↵er-
ences. As the three simulations are run with entirely
di↵erent number of simulation particles, we believe that
the simulations are already converged with f

s

= 10 and
N

s

= 1.

3. FEATURES OF THE DDM STRUCTURE FORMATION

In this section, we explore the two interesting features
in the DDM cosmologies, which are originated from the
two decay parameters.

3.1. Characteristic scale

The most important signature of the decays is produc-
tion of the recoiling of the daughters. Their propagation
is able to suppress the growth of small scale fluctuations.
For a daughter particles produced at redshift z

s

, the pe-
culiar velocity at the following redshift z would evolve
as

V (z) =
1 + z

1 + z
s

V
k

. (6)

Integrating both sides of Eq. (6), the comoving propa-
gation distance from z

s

to z
e

is

L
p

= V
k

Z
zs

ze

1

H(z)

1 + z

1 + z
s

dz, (7)

where H(z) is the Hubble constant at z. In Fig. 2, we
plot L

p

as functions of z
s

given di↵erent z
e

. The recoil
velocity used in this plot is 1000 km/s. The result can
be scaled for other choices of V

k

. We can see that for
fixed z

e

, L
p

does not increase monotonically with larger
z
s

. Competition exists between the travel time and the
redshift of the peculiar velocity. Daughter particles that
produced early enough ought to have more time to prop-
agate, however they will also experience more redshift in
their velocities. While the situation is exactly opposite
for the recent produced daughters. As a result, a maxi-
mum propagation distance L

max

can be reach at certain
z
s

, and we define it as the characteristic free-streaming
length for given z

e

. We can also find that L
max

always
increases with lower z

e

, because it allows daughters pro-
duced at all redshift having more time to travel.
Following Boyarsky et al. (2008), the characteristic

scale k
s

where the power spectrum begins to di↵er from
CDM is related to the free-streaming length as

k
s

⇠ 1

L
max

. (8)

This prediction is examined in Fig. 3. In the top panel,
we show the relative power di↵erence of DDM and CDM

Suppression on non-linear scales:

The DDM effects are 	

mixed with the non-linear	


 effects of gravity

ks ⇠ 1/l
max

(z)



Scaling laws of  DDM MF and c-M relation:
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Figure 5. The time evolution tendencies of WDM and DDM
suppresion in Fig. 4. The power di↵erence ratios are plotted with
respect to the CDM model at z=4, 2 and 0, represented by the
solid (red), dashed (green) and dot-dashed (blue) lines. The arrows
point to directions of evolution from high to low redshift.

time as DS-1 but is with larger recoil velocity, it di↵ers
from CDM at higher halo mass, which is consistent with
its larger free-streaming scale.
Currently, there has no theoretical prediction on the

mass function in term of DDM models. Alternatively we
try to develop a fitting function to capture the simulation
results. To do so, we first define two e↵ective variables

M
f

=
4⇡

3
⇢̄L3

max

(V
k

, z) (24)

and

f
d

= 1� exp


� ln 2

⌧
T (z)

�
, (25)

where M
f

is the characteristic mass corresponding to the
maximum propagation distance L

max

and f
d

is the de-
cayed fraction at time T of redshift z. The two variables
are aimed to separate the dependence of the suppression
on the decay parameters. As a result, M

f

is related to
V
k

and thus the suppression scales, while f
d

is related
to ⌧ and contributes to the suppression amplitude. We
model the DDM mass function as

dnDDM(M, z)

dnCDM(M, z)
=

✓
1 + �

M
f

M

◆�↵fd

, (26)

where ↵ and � are the fitting parameters. Noticing that
the modelling function of this form has no explicit depen-
dence on the redshift, whose influence is already embeded
in M

f

and f
d

.
In Fig. 7, we show mass function ratio between DDM

and CDM versus the normalized halo mass. The com-
pared DDM simulations in each panel have the same f

d

but di↵erent M
f

. The dashed lines show the best fit of
Eq. (26) with the parameters: ↵ = 0.526 and � = 7.61.
We can see that the fitting formula describes quite suc-
cessfully of mass function with di↵erent combinations of
decay parameters as well as its evolution over the time.
In this plot, we only considered the DDM simulations
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Figure 6. Comparison between the ST mass function (solid line)
and the measurement from CDM (round black points) and two se-
lected DDM simulations (square and dimond points). The dashed
lines follow the fitting formula of Eq. (26).

with limited suppression, as we will see in the next sec-
tion, other decay parameters (DS-5 to DS-8) induce quite
large suppression and are not consistent with current ob-
servations. Given the simplicity of this empirical method,
our result shall motivate future theoretical work on the
mass function of DDM models.

4.3. The halo profile of DDM

The mass distribution of CDM halos is described using
the Navarro-Frenk-White (NFW) profile, in which the
radial density is

⇢(r) =
⇢
s

r
s

r(1 + r/r
s

)2
, (27)

where ⇢
s

and r
s

are the normalization density and char-
acteristic length scale of a halo. It is convenient to repa-
rameterize the profile by two other parameters, virial
mass M and concentration c = r

vir

/r
s

. The virial ra-
dius r

vir

is related to the virial mass through M =
4⇡/3r3

vir

�⇢
crit

, where � = 200 and ⇢
crit

is the back-
ground critical density. Integrating the profile over ra-
dius gives another relation of ⇢

s

that

M = 4⇡⇢
s

r3
s


ln(1 + c)� c

1 + c

�
. (28)

To study the asymptotic behavior in the inner halos is
no doubt numerical challenging for N-body simulations,
as they have to face the limitations of finite mass and
force resolution when going to small scales. In Fig. 8, we
present typical profiles of the dark matter halos from four
DDM simulations. The solid (red) lines show the best-fit
NFW profiles to the data, which describe quite well the
density distributions in the outside layers of the halos.
The vertical dashed lines mark the the force resolution
of the simulations. Clearly, to determine whether cored
profile forms and how it depends on the DDM parameters
is beyond the scope of the simulations performed here,
we will leave questions for further high resolution studies.
At current stage, we still stick to the NFW profile for

Mf / [1/ks(Vk, z)]
3

fd: Decayed fraction
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Figure 10. Left : The relations of mass mapping for decay parameters ⌧ = 13.79 Gyr and Vk = 100, 200 km/s at z = 0. Right : The ratio
of the halo bias between DDM and CDM halos for the same decay parameters as in the left panel. The dotted lines in both plots show the
limits of no DDM e↵ect.

the real smooth component are indistinguishable for the
DDM halo models.
In Fig. 11, we exam the roles of the DDM e↵ects on

the mass function, halo profile and halo bias on the halo
model power. Each line corresponds to the result with-
out certain modification of the halo model ingredient. It
can be seen that changes that caused by the halo bias is
in fact negligible. The power would be overestimated if
DDM suppression on the mass function or the c-M rela-
tion is not included. But still, the influence from modifi-
cation of mass function seems to be more important. In
this study, we are mostly interested in the relative dif-
ference of the power spectrum between CDM and DDM
models. The power spectrum transfer function is defined
as

TDDM
k

(k, z) =

s
PDDM(k, z)

PCDM(k, z)
. (33)

Fig. 12 shows the DDM transfer function calculated from
the halo model as well as the data from the simulations.
We can see that the modelled transfer functions in deed
are in very good agreement with the simulation data in-
cluding the non-linear tails.

5. DISCUSSION

5.1. Constraints on the LDDM parameters

The Ly-↵ forest observes the neutral hydrogen absorp-
tion lines in the spectrum of distant quasars (QSOs).
As the hydrogen clouds are tracing the underlying den-
sity distribution, the flux spectrum P

F

(k, z) is imprinted
with the information of the density field at the medium
redshift z ⇠ (2� 4) and on scales k ⇠ (0.1� 10)hMpc�1

that are not fully contaminated by the non-linear e↵ects.
Since the WDM suppression is sensitive to the probe at
such redshift and scales , the Ly-↵ forest is very e↵ec-
tive and has used intensively to constrain on the mass of
WDM [][]. Usually, the flux bias function defined as

b
F

(k, z) =
P
F

(k, z)

P (k, z)
(34)
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Figure 11. Ratios of the power spectrum without the DDM
e↵ects on mass function (red solid), mass-concentration (green
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Gyr and Vk = 200 km/s.

has complicated dependence on the cosmological param-
eters, the initial PS as well as the astronomical parame-
ters that related to the baryon physics. In principle, full
scale hydrodynamical simulations are needed to extract
the dependence. Here we use a simplified assumption
that the flux bias function is unchanged for WDM and
DDM at the redshift and scales relevant to the Ly-↵ ob-
servations. Under this assumption, the preferred DDM
parameters are those which induce less suppression on
the power spectrum than that from WDM with the mass
allowed by the observations. The WDM fits the Lyman-
↵ is required to have mass MWDM  (2 � 4) keV at 2�
for thermal relics[][]. In Fig. 14, we show an example by
comparing the power suppression for a 2 keV WDM and
some DDM models at z = 3. The transfer functions of

Reconstruct the PS with halo 	

model with smooth component:
P��(k) = (1� f)2Pss(k) + 2f(1� f)Psh(k)

+ f2Phh(k)

The modelling is accurate to 	

percentage level on the 	

non-linear scales, as function of	

the decay parameters and also	

redshfit.
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Fig. 4.— The density snapshots of 10 Mpc/h thick as an illustration of the structure evolution. From left to right, the columns refer to
the CDM, DDM and WDM. Rows from top to bottom correspond z=0, 2 and 4, respectively. The boxsize of snapshot is 50 Mpc/h. The
DDM simulations of DS-3 and the WDM simulation WD-0.5 are used for the plot.

where we have introduced the e↵ective bias be↵ that

be↵ =
1

⇢̄
h

Z 1

Mcut

dMMn(M)b1(M). (20)

In the next few sections, we will exam the ingredients
of the halo model of DDM one by one.

4.2. The DDM mass function

In CDM case the mass function can be approached
through the excursion set theory (Press & Schechter
1974), where the number density of halos is related to
the appearance probability of peaks in the halo patch

averaged over all ensembles. The mass function can be
parameterized as

dn

d logM
= �1

2

⇢̄

M
f(⌫)

d log �2

d logM
; ⌫ =

�
c

(z)

�(M)
, (21)

where ⇢̄ is the background of the universe, �
c

(z) =
1.686/D(z) is the collapse threshold and D(z) is the
linear growth factor. The variance on scale R =
(3M/4⇡⇢̄)�1/3 is

�2(M) =

Z
d3k

(2⇡)3
P
lin

(k)W (kR), (22)
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SUMMARY
• Numerical (Cosmological DDM N-body simulation, 

MF, CM, daughter fractions)	


• Analytic (Models to capture the non-linear effects, 
even to generalized conditions, constraints on the 
parameter space.)	


• Implementations(Weak lensing, dark matter in-direct 
detections, resolve CDM problems…)


