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Outline

• Gravitational waves (tensor modes)
• Standard slow-roll inflation and CMB B-mode 

polarization
• Beyond slow-roll ?!
• Anisotropic stress τij during inflation

Classical source – particle production
<τij>=0, vacuum fluctuations of stress tensor 

• Primordial black holes (a candidate for dark 
matter) 

• Gravitational waves due to second-order effects



Gravitational Waves in 
Expanding Universe

conformal time

gravitational waves are
ripples of space-time

binary black 
holes



GWs Observation

LIGO interferometry experiment



Detection of Gravitational Waves in Binary Black Hole Merger

GW150914
First detection 
by aLIGO !!



H

PR(k)= (δρ/ρ)2V0

large scale structure of the Universe

Scalar mode



Inflation Radiation-dominated matter-dominated

choose
Bunch-Davis vacuum
or positive-energy solution

Almost
scale-invariant
power spectrum

Ph(k)

Tensor 
mode



inflation scale



Primordial gravitational waves
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r = Tensor/Scalar
= Ph(k)/PR(k)  at k0=0.002 Mpc-1



CMB Anisotropy and Polarization

• On large angular scales, matter 
imhomogeneities or primordial 
gravitational waves generate 
gravitational redshifts

• On small angular scales, acoustic 
oscillations in plasma on last 
scattering surface generate 
Doppler shifts

• Thomson scatterings with electrons 
generate polarization

Quadrupole
anisotropy

e

Linearly polarized

Thomson
scattering



§ Point the telescope to the sky
§ Measure CMB Stokes parameters: 
T = TCMB− Tmean, 
Q = TEW – TNS, U = TSE-NW – TSW-NE

§ Scan the sky and make a sky map
§ Sky map contains CMB signal, 

system noise, and foreground 
contamination including polarized 
galactic and extra-galactic 
emissions 

§ Remove foreground contamination  
by multi-frequency subtraction 
scheme

§ Obtain the CMB sky map 

RAW DATE

MULTI-FREQUENCY MAPS

MEASUREMENT

MAPMAKING

SKY

FOREGROUND
REMOVAL

CMB
SKY MAP

CMB Measurements



CMB Anisotropy and Polarization Angular Power Spectra

Decompose the CMB sky into a sum of spherical harmonics: 

(Q − iU) (θ,φ) =Σlm  a2,lm   2Ylm (θ,φ)

T(θ,φ) =Σlm  alm Ylm (θ,φ)

(Q + iU) (θ,φ) =Σlm  a-2,lm   -2Ylm (θ,φ)

CB
l =Σm (a*2,lm a2,lm − a*2,lm a-2,lm) B-polarization power spectrum

CT
l =Σm (a*lm alm)  anisotropy power spectrum

CE
l =Σm (a*2,lm a2,lm+ a*2,lm a-2,lm ) E-polarization power spectrum

CTE
l = − Σm (a*lm a2,lm)  TE correlation power spectrum

(Q,U) electric-type magnetic-type

q
l = 180 degrees/ q



PGWs and CMB temperature anisotropy



Planck CMB Anisotropy DTT
l = l(l+1) CT

l 2018

PR(k=0.002Mpc-1)~ 2x10-9



Planck CMB  Polarization Power Spectra 2018
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r=Tensor/Scalar
Tensor: Gravitational waves
Scalar:  Density fluctuations 

reionization
bump

𝜏 = the optical depth from now 
to the last scattering surface

Gravity-wave induced B-mode



Current B-mode measurements

Dust      �����
Lensing

Galactic polarized dust emission
B-mode power spectrum at 150 GHz



Joint Planck+BICEP2/Keck Array constraint on r 
by removal of dust contamination (2018)

Keck Array 2015
E-polarization data

r0.05 < 0.06
at 95% c.l. 



A fiducial model
with r=0.01

Constraints on r

CMB-S4
forecasts 
on inflation 
models



Beyond Standard Slow-roll ?!
• Slow-roll inflation for the first 7 e-foldings

(61>N>54)
Planck CMB + LSS + Sne + ....

• Flat inflaton potential? Interacting inflaton ?
trapped inflation in which back reaction effectively make 

inflaton slow-rolling down a steep potential

• Binary black holes detected by 
aLIGO/VIRGO are primordial black holes 
produced during inflation (N ~ 40) ? 
PBHs may be dark matter and aLIGO has seen dark

matter!



Primordial Black Holes
• Formed at high-density contrasts (δρ/ρ~0.5)

over a wide range of scales or masses in the 
radiation-dominated Universe

• There have been stringent astrophysical and 
cosmological constraints on MPBH 

• 10M¤PBHs could be the binary BHs observed 
by aLIGO gravity-wave detectors 

Bird et al. 16., Clesse et al. 16, Sasaki et al. 16

• PBHs behave like cold dark matter 
García-Bellido, Linde, Wands 96

• They, although being of baryonic origin, do not 
participate in big-bang nucleosynthesis



Production of PBHs in inflation

N is e-foldings
before the end
of inflation

N=60 N=0

R=e(60-N)



Astrophysical and Cosmological Constraints on PBHs

Sasaki et al. 18

Filling up this allowed 
region accounts for 
all dark matter
e.g. Lehmann et al. 18



PBH Production in Inflation
• Single-field slow-roll inflation models, matter 

density perturbation (δρ/ρ~10-5) too small
• Modified inflation potential to achieve blue-tilted 

matter power spectra or running spectral indices, 
leading to large density perturbation at the end of 
inflation, but mostly MPBH<< M¤
García-Bellido, Linde, Wands 96

• To boost MPBH , hybrid inflation, double inflation, 
curvaton models by inflating small-scale density 
perturbation to the size of a stellar-mass to 
supermassive PBH Kawasaki, Kohri, Yokoyama, Yanagida….

• Inflation with an inflecton point Garcia-Bellido, Morales,…

• Trapped inflation Peloso, Unal, Ng+,…



Trapped axion Inflation 

Spinoidal
instability

d𝜂=dt/a



Background

Perturbation



e.g. Trapped axion inflation with 
a steep potential Cheng, Lee, Ng 16

- - - - m2φ2/2

all rescaled by Mp

inflaton-photon interaction  
φ E�B à photon production



α=17, φ0=-13.5

Note that inflation starts at N~60

trapped

No preheating



Production of 10-100M¤ PBHs
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PBH bound -
deduced from 
astrophysical and 
cosmological 
constraints on PBH 
mass fraction β(M) 
Linde, Mooij, Pager 13 
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Anisotropy Stress

I. INTRODUCTION

The spatial flatness and homogeneity of the present Universe strongly suggest that a
period of de Sitter expansion or inflation had occurred in the early Universe [1]. During
inflation quantum fluctuations of the inflaton field may give rise to energy density pertur-
bations (scalar modes) [2], which can serve as the seeds for the formation of large-scale
structures of the Universe. In addition, a spectrum of gravitational waves (tensor modes) is
produced from the de Sitter vacuum [3].

Since gravitational waves are weakly coupled to matter, the tensor modes remain as a
stochastic background of gravitational waves at present and provide a potentially important
probe of the inflationary epoch. Detection of these primordial gravitational waves by using
terrestrial wave detectors or the timing of millisecond pulsars [4] would indeed require a
sensitivity of several orders of magnitude beyond the current experimental reach. However,
like scalar perturbations, horizon-sized tensor perturbations induce large-scale temperature
anisotropy of the cosmic microwave background (CMB) via the Sachs-Wolfe e�ect [5]. The
recent seven-year WMAP anisotropy data has placed an upper limit on the contribution of
tensor modes to the CMB anisotropy or in terms of the tensor-to-scalar ratio, giving that
r < 0.3 [6]. In addition, the tensor modes uniquely induce CMB B-mode polarization that
is the primary aim of on-going and future CMB experiments [7].

As is well-known, a gravitational wave propagates freely in the expanding Universe [8].
This has assumed that the Universe is a perfect fluid. In the presence of non-vanishing
anisotropic stress, an additional source term to the gravitational wave equation should be
included [9]. The e�ect of anisotropic stress due to free-streaming neutrinos on cosmological
gravitational waves was firstly numerically calculated in Ref. [10], and incorporated in an
integro-di�erential equation for the wave propagation [11]. In fact, this equation is also
applied for any unknown free-streaming relativistic particles [12]. It was found that the
anisotropic stress reduces the wave amplitude, thus lowering the tensor-mode induced CMB
anisotropy and polarization [10–13].

In this paper, we will discuss the e�ect of anisotropic stress on tensor modes in infla-
tion. Here the anisotropic stress is due to the free-streaming of relativistic particles during
inflation. The generating source of these relativistic particles could be de Sitter quantum
fluctuations of the inflaton itself in standard slow-roll inflation [2], a thermal component in
warm inflation [21], bursts of particle production via the infra-red cascading mechanism [23],
particle production in trapped inflation in which the inflaton rolls slowly down a steep po-
tential by dumping its kinetic energy into light particles at the trapping points along the
inflaton trajectory [16, 17], or electromagnetic dissipation in natural inflation [25].

II. GRAVITATIONAL WAVE EQUATION

The propagation of gravitational waves in an expanding space-time is well studied. In
the presence of anisotropic stress, the gravitational wave equation is given by

ḧij + 2
ȧ

a
ḣij + k2hij = 16�Ga2�ij. (1)

There has been a lot of studies on inflationary models that go beyond the simplest single-
field, slow-roll inflation. A class of models has considered a new source for generating inflaton
fluctuations during inflation through a Yukawa-type or gravitational interaction between

2

traceless transverse
anisotropic stress tensor

energy-
momentum
tensor

perfect fluid anisotropic
stress tensor



Associated Gravitational Waves in Trapped Inflation
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experiments

Transverse traceless part 
of photon energy-momentum 

<E∙E> ~ <E∙B> ~ ζ



Production of PBHs realized in axion monodromy
inflation with sinusoidal modulations 

MBH~20M¤MBH~10-13M¤MBH~108 g



GWs associated with PBHs in modulated axion inflation

Cheng, Lee, Ng 2018

Taichi,
Tianqin



PBH seeds or Large Curvature Perturbation 
Associated Gravitational Waves (continue)

16𝜋GTij

Stress due to transverse 
traceless part of 2nd order 
curvature perturbation Tij(ζ2)
Δζ

2 = <ζζ> = (δρ/ρ)2 ~ 10-3

0      Free gravitational wave equation

De Sitter vacuum fluctuations during inflation lead to 
almost scale-invariant  primordial gravitational waves
Ph = 8𝜋GH2   and  Δζ

2 = <ζζ> = (δρ/ρ)2 ~ 2x10-9 on CMB scales

When large curvature perturbation re-enter the horizon 
during the radiation-dominated era and collapse to form 
PBHs, they induce gravitational waves at short wavelengths
Ananda, Clarkson,Wands 2007, Baumann, Steinhardt,Takahashi,Ichiki 2007



Broader spectrum of PBHs and GWs in other inflation models 

Double inflation 
e.g. Inomata et al. 16



Potential with an inflection 
point leading to ultra-slow-roll
e.g. Di and Gong 18



Double inflation 
e.g. Inomata et al. 16

Trapped inflation 
e.g. Cheng et al.. 16

Broad vs narrow spectrum

Inflection-point inflation
Garcia-Bellido, Morales 16



How many and how big PBHs from Inflation 

Byrnes+ 18



Biggest PBH  with MBH ~ 10-100 M¤

Double inflation 
e.g. Inomata et al. 16

Trapped inflation 
e.g. Cheng et al.. 16



Vacuum Anisotropic Stress 

Hsiang,Ford,Ng,Wu
2011,2017



equal time
correlation





Conclusion
• Primordial gravitational waves probe inflationary paradigm
• Long-wavelength GWs induced by metric vacuum fluctuations

CMB B-mode polarization
• Primordial black hole seeds and short-wavelength GWs 

induced by particle production during inflation 
• Short-wavelength GWs induced by 2nd order curvature 

perturbation during radiation era
• The binary BHs observed by aLIGO/VIRGO gravity-wave 

detectors may be primordial BHs
PBHs could be dark matter! 
How to distinguish PBHs from astrophysical BHs?

• Associated GWs in the frequency ranges of 
PTAs, LISA, aLIGO/VIRGO, KAGRA
polarized (+ mode / - mode) GWs in axion inflation


