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Some backgrounds

Spinor Notations

® ki, = k,ot, k,- k' =det(ky,). Massless condition leads

kéa — XaAa

where we have spinor \; and antispinor Xé. The
factorization property is the key of much simple expression
of amplitudes when using spinor notation.

@ Spinor indices can be raised or lowered as
A=Ay, Aa=eap)®, (1)
Thus we can also define Lorentz invariant products

(i) = AN [il]] = X\ (@)
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Some backgrounds

@ To map to familiar notations, first notice that

wlk) = 000, vk = 0wk, @)
W) = R R =R @
Thus we have
iy = k) = up (k) = v_(k),
= k) =u-(k) = vi(k),
il = (k| =7 (k) = ik
il = (k'] =T (k) = (k) ©
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Some backgrounds

@ Using above notation, we have following translations

(i) = T (k) (k). <f|P|/1:uT(k-) Pu_ (k)
ur (KK (k) = [ilkl1) .y (R)KiKmu— (ki) =

@ One most important fact is the polarization vector can be
written as

(i1 Kikml 1]

okl = Tewlk] o s = lelwlk)
v (klp) V2 (k) v (klp) V2l

€
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Some backgrounds

The key is to use right variables: Changing variables from
(Ku, €u) 1o (A, X), especially for the on-shell massless particles.

@ momentum k — A, \.

@ For scalar, wave function 1.

@ For massless fermions, wave functions A, A
@ For vector, wave functions ¢ (k|u).
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Some backgrounds

Color ordering

@ Generators of SU(N,) in the fundamental representation
can be taken as

—i
Tr(TATP) = bab. fabczﬁTr(Ta[Tb, ), (6)
thus
N2 -1 } ) o 1 -
D (T[T = 570 — ﬁc(s{; 52 (7)
a=1

or equivalent to be

a a _ 1
za:Tr(XT JTr(T2Y) = Tr(XY) — - Tr(X)Te(Y)

c

a ay __ 1
za:Tr(XT YT3) = Te(X)Tr(Y) — ﬁcTr(XY) . (8)
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Some backgrounds

@ Color ordering: Thus we write whole amplitudes into gauge
invariant subset (the color-ordered amplitudes)

Mre(1,2,..n) = ) To(Ta..Ta,)A(ar. @, ... @n)

permutation

@ Color ordering separate the group information from the
dynamical information.

@ Naively there are (n — 1)! different dynamical basis, but
there are some relations among them to reduce to
independent basis (n — 3)!.
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Some backgrounds

Four relations for ordered gluon amplitudes:

@ Color-order reversed relation:

A(n7 {61 RN 5”—2}7 1) — (_)nA(1 1) Bn—27 Bn—1 PR 61 9 n)
@ The U(1)-decoupling relation is given by

> An(1,0(2,8,..,n) =0

oecyclic
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Some backgrounds

@ KK-relation:

An(1,{a},n,{B}) = (—1)" > An(1,0,n) .
s€OP({a},{87})

where sum is over partial ordering.
@ Example

A(1 ’ {2}) 57 {37 4} = A(1 ) 27 47 37 5)
+A((1,4,2,3,5) + A(1,4,3,2,5)
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Some backgrounds

BCJ-relation:

An(1,2,{a},3,{8}) = > Ay(1,2,3,0)F,
;€ POP
a={4,5,....m}
g={m+1,m+2,..n}

@ Beautiful proof from string theory

@ Pure field theory proof
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The derivation of on-shell recursion relation

Part lI: Derivation of
on-shell (BCFW) recursion

relation




The derivation of on-shell recursion relation

Structure for Tree-level amplitudes: < It will be used late:

@ Only singularity is poles. From Feynman diagrams, it
appears when propagators are on-shell.

@ Factorization property: When one propagator goes to
on-shell, i.e., P2 — m? — 0, we have

1

Ao n) ZAm+1(1,..,m,P’\)ﬁ
X tm—m

An_m+1 (—P_)\, m + 1, ceey n)

In fact, this point gives the residue at the pole.
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The derivation of on-shell recursion relation

BCFW deformation

@ One basic assumption: Tree-level amplitude M can be
considered as a rational function of complex momenta.

@ BCFW deformation: Let us consider following deformation.
Picking two external momenta py, po and auxiliary
momentum g, we do following deformation:

p1(2)=p1+2q, p2A(2)=p2—2q

and impose following conditions:

=q pi=q-p2=0
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The derivation of on-shell recursion relation

BCFW recursion relation

Two good points of BCFW deformation:
@ It keeps the momentum conservation conditions:
p1 + P2 = p1(2) + p2(2)
@ It keeps on-shell conditions p? = p;(2)?, p3 = p2(2)?;
@ Amplitude becomes the meromorphic function of single
complex variable z. (P + zq)? = P? + z(2P - q). <= Much
easy to study.
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The derivation of on-shell recursion relation

BCFW-derivation

@ Considering the contour integration / = § dzA(z)/z by two
ways:

e Doing it along the point z = oo, we get the "boundary
contribution” | = B.

e Doing it for big cycle around z = 0, we have
I=A0)+ >, Res(A(2)/2)|,-

@ Combining above we have

Az=0)=B~- ) Res <A(ZZ)>z_za

poles z,
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The derivation of on-shell recursion relation

Pole part

@ Location: Pole happens when one propagator goes to
on-shell, i.e., P? + z(2P - q) = 0. From it we find the

location of pole z, = %;zgq.
@ Reside: Given by Factorization property:

<A(ZZ)>Z B ZAmH (1, m, PA(2a))

1 _
EA,’jf,,,7+1(—F> M2za),m+1,...,n)
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The derivation of on-shell recursion relation

Boundary part

@ It has following three cases:

o When z — oo, A(z) = Y 6z + O(1/2) with ¢ # 0 =
nonzero boundary contribution
e When z — oo, A(z) ~ 1 = zero boundary contribution

e When z — oo, A(Z) ~ %, k >2 = zero boundary
contribution and bonus relations

@ Boundary behavior is a very nontrivial problem.
Fortunately, for some theories under right choice of p1, p»,
we have M(z) — 0 when z — oco. These include gauge
and gravity theory.
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The derivation of on-shell recursion relation

BCFW recursion

BCFW recursion relation for gluons:

@ The formula is

An(1,2,...,(n=1)" n+)—z > Aga(P1.2,..0—P))
i=1 h=+,—

1A (+P "

P,27i n—i n,i>

)

i+1,...,n=2,n=1)
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The derivation of on-shell recursion relation

@ For 6-point, the contributed terms are given by

- = __Z_A 1 _2
oy ? IS A3 6 >( 3
+ e +7
IS U
O O A
ALt
(a) (b) (c)
@ The result is given by
1
A1-.2=.3 4t 5T 6= —
( ) ) ) ) ) ) <5|3 T 4|2]
(112 + 34° . (34 + 5/6)°
[23][34](56)(61)P5,  [61][12](34)(45) P
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The derivation of on-shell recursion relation

Let us work out the details of Figure (a).
@ ltis the product of two MHV amplitudes and a propagator,

29 )

1 (1p)° ©
A A ~ 2 AR A
<3 p> (p2) | P <p 4> <4 5> (56) (6 1)
@ Note that
P2, N °[2+3/4
Ay = A3, A=A ot g, ]1
= e e e oB =
(9) can straightforwardly be simplified to
3

<1\2+3;4] (1)

[23][34](56)(61) P2, (5[3+4|2]

@ Performingi—i+3and ( ) <+ [ ]in(11), we obtain
Figure (c).

Bo Feng Tutorial of on-shell recursion relation



The derivation of on-shell recursion relation

Generalization One—Massive theory

@ The solution of g exists for D > 4. Thus it can be applied to
massive theory and higher dimension quantum field
theories

@ For the case p? # 0, we first construct two null momenta
by linear combinations ny = (p; + x+p;) with
Xy = <—2p,- - pi £ \/(Zp,- - pj)? — 4p,.2pj2) /2pj2. The solution
can be

g=XA Np_, or  q=MN\_\, .
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The derivation of on-shell recursion relation

Generalization Two— SUSY theory

@ For NV = 4 theory, super-wave-function is given by
Grassmann variables * (A= 1,2,3,4)

1
o(p,n) = GT(p)+n"Talp)+ EnAnB Sas(p)

- 1 5
+§77A?737706ABCDFD(P) + EWA"?BWCUDGABCDG ).
@ The generalized BCFW-deformation
MN(2Z) =i+ 2N, MN(2)=XN— 2N, n(2) =n— zn;,

so both momentum &4(>"; AiAi) and super-momentum
@ (31, A nf) conservations are kept
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The derivation of on-shell recursion relation

Generalization Two— SUSY theory

@ Now we need to sum over super-multiplet

A= 3 [ @i Aupzn). pu(zn)) p An(pi(z0). ~Po(z0).

split «

Bo Feng Tutorial of on-shell recursion relation



The derivation of on-shell recursion relation

Generalization Three— Off-shell current

@ The famous Berends-Giele off-shell recursion relation is

Ju(1,2, ..., k)
k—1

= — | D V(1P k) o (1o i) (T 1,0, K)
p1,k P
k—1 k-2
YN VI (s ) (41, ) o (1, K)
j=it1 =1

@ Off-shell current is gauge dependent: (a) choice of
polarization vector

+ _ {rillpi] — _ [rihulpn

€; € =
"oV2nley M V2ol



The derivation of on-shell recursion relation

Generalization Three— Off-shell current

@ Gauge choice of propagator to fix to Feynman gauge
@ To deal with the gauge dependence, we need to define two
more polarization vectors

L 7 {hilvln]
E/J, - pla EM -
2p; - i
so we have
0 = et et =ct eb=ct . T = . e
= e_-eL:e_'eTzeT-eT:eL'eL
1 = et =eb. €T
@ The key observation is that now we have

— - LT
g,w:qfey —&—eﬂej—i—e €

T L
v + G;LEZ/
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The derivation of on-shell recursion relation

Generalization Three— Off-shell current

@ Taking (/,j) = (1, k), the recursion relation is given by

) ,Z;,%: A(T"""’ph>';p112J'J” (*P”,/+1, R)
+ (1,1, 8") 'P,'-"+11,k VIE- 1§)] |

where the sum is over (h, h) = (+,—), (=, +), (L, T), (T, L).
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The derivation of on-shell recursion relation

Generalization Four— Nonzero boundary contribution

@ Boundary is a (quasi)-global phenominon, i.e., depending
the chosen pair and whole helicity configuration
@ There are three ways to deal with boundary contributions:
e Using auxiliary fields to make boundary zero

e Analyze Feynman diagrams directly

e Transfer to the discussion of roots of amplitude

e More pairs of deformation
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The derivation of on-shell recursion relation

Feynman diagram for \¢* theory

@ With (1, 2)-pair deformation, Feynman diagrams will be
following two types:

2 2

&
A

Bo Feng Tutorial of on-shell recursion relation



The derivation of on-shell recursion relation

Feynman diagram for \¢* theory

@ With (1, 2)-pair deformation, Feynman diagrams will be
following two types:

@ Boundary contribution is

. 11
A, = (=iN) > Ar ({Kr)) A7 ({Ks'})
U =\ i} Pz Pg
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The derivation of on-shell recursion relation

Feynman diagram for Yukawa theory

@ Same analysis for typical Feynman diagram

\ \ N N N N
\ ’ \ /N AN VRN
s
\O O/ O/ O/ O
/
| | | |
I I I

q Y

@ Only a few types of Feynman diagrams give boundary
contributions and they can be evaluated directly
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The derivation of on-shell recursion relation

Roots of amplitude

Another angel for boundary contributions:
°

Ma(z) = > w +Co+ Z Ciz
kep-d) Pi(2) I=1
Js(z = wo)™

[T P2(2)

@ Split all roots into two groups Z, 7. For nz < Np

Hs 1( WS) _ Ck

Hk 1 PE(2) kePid) Pi(2)

ng

Miz)= 3 % E(z —w)

kePU)
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The derivation of on-shell recursion relation

Roots of amplitude

@ Perform a contour integration around the pole zx and

obtain
M. (zk)Mpr(zx) Cx 7
= Zk— W),
Copa)  (ope g LLEW)
SO
_ Mi(zk)Mr(2x)
H?:j1 (2 — wp)
and finally
M (z (z—w)
Mn(z) =
n k;,n pk tl_[ Zx — W

by setting nz = Np — 1.

Bo Feng Tutorial of on-shell recursion relation



The derivation of on-shell recursion relation

Comments for boundary BCFW-relation

@ Root method is very general and useful for theoretical
discussions. However, it is very hard to find root
recursively, especially roots are in general not rational
function

@ Feynman diagram method is practical, but not general
since we need to do analysis for each different theory

@ Both methods are not completely satisfied and better
method is the more deformations!
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The derivation of on-shell recursion relation

Generalization five—Bonus relation

@ Bonus relations can be derived from the observation

dz . 1
O—j{ Z°A(z), b=1,1,...,a—1, if, A(z)— —;

Because the z? factor, there is no pole at z = 0. Taking
contributions from other poles, we have bonus relations

ZZAL (P"(22)) “AR( “N(z4))

forb=1,...,a—1.
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The derivation of on-shell recursion relation

Generalization six— Rational part of one loop
amplitude

The new features appeared in this generalization are:

@ There are double poles like (a|b) / [a|b]?, thus we need to
find way to reproduce double pole and single pole
contained inside double pole

@ Loop factorization formula is

— - -1
Ap %P — ATIOPALR | AT ALTIOP 1 ATCS AR
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The derivation of on-shell recursion relation

Generalization six— Rational part of one loop
amplitude

Solution for above two difficulties:
@ Two collinear momenta provide following divergent
expression
[112][2[3] [3[1]
K,
Thus double pole structure can then be obtained as

A3;1(1+72+73+) =

Al K2 A1 (_K;aﬂ ,at (a+1)7)
a,a+1
LI PP o K
— Alree o |Kaar11d| [ala+ 1] |a+1[Kaart
K627a+1 K:32,6+1 [ } { }
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The derivation of on-shell recursion relation

Generalization six— Rational part of one loop
amplitude

@ Single pole inside double pole is solved by multiplying by a
dimensionless function

k2,80 (a,st, )80 (c,s7,d)
, Where the soft factor is given

SO (a, st b) = m, SO(c,s7,d) =

__ leld]
[c|s] [s]d]
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The derivation of on-shell recursion relation

Generalization seven— QFT in 3D

@ The deformation null momentum ¢ has solution when and
only when D > 4.

@ For 3D,
paﬁ — X“(au)aﬁ — \*)\P

thus on-shell BCFW-deformation can considered as matrix
transformation over two spinors

(33) -7 ()

This transformation keeps on-shell condition automatically
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The derivation of on-shell recursion relation

Generalization seven— QFT in 3D

@ Conservation of momenta leads to
/\,'(Z) i . ) /\,'
e e (38) =0 a0 (3)

RT(2)R(z) =1, R(z)e SO(2,C)

or

@ With parameterization

z4z'  z—z71
— 2 2i
R(z) = z—z"! z—l—z—l1 ’

2i 2

propagator is

A~

p?(z) = 8fo2 + b + Cf22
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The derivation of on-shell recursion relation

Generalization seven— QFT in 3D

@ Now the derivation is to start from contour integration

Az=1) = 7{ 92 _p2)

:12—1

where the contour is a small circle around z = 1.

@ Each on-shell propagator will gives four poles and we need
to sum up their contributions.
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The derivation of on-shell recursion relation

Generalization eight— Different deformation

@ Previous recursion relations based on the
BCFW-deformation where two particles have been
deformed

@ However, there are other deformations we can consider.
For example, for NMHV-amplitude, we do following
holomorphic deformations

i(2)] = [+ z (lk) ], 1(2)] = ] + 2 (ki) ],
(k(2)] = K] + 2 {ilj) [n],

where i, j, k have negative helicities.

@ This deformation keeps (1) on-shell conditions; (2)
momentum conservation.
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The derivation of on-shell recursion relation

Generalization eight— Different deformation

@ Using the new deformation we can derive recursion
relation using §(dz/z)A(z) as

A = Z AL Za AR Zoz)

a,i€eAL

It is nothing, but the MHV-decomposition for
NMHV-amplitude.

@ For general N"~'MHV-amplitudes, we make the
deformation

\mi(z2)]=mj+zri|ln], i=1,..n+1,

for n+ 1 particles of negative helicity. Here >, rj|m;) =0
to ensure momentum conservation.
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On-shell plus S-matrix program
The proof of KK andBCJ relations
The KLT relation

Application

Part Ill : Applications of
on-shell (BCFW) recursion
relation
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On-shell plus S-matrix program
The proof of KK andBCJ relations
The KLT relation

Application

Applications of on-shell recursion relation can be divided into
following two types:

@ Calculation of various amplitudes: This is the initial
motivation leading to the discovery of on-shell recursion
relation. It is also one of most important practical
applications for high energy experiments.

@ Understanding of various properties of QFT: It has two
distinguish features:

o It keeps only on-shell information
o It relies only on some general properties of QFT, so it opens
new way to study QFT in the frame of S-matrix program
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On-shell plus S-matrix program
The proof of KK andBCJ relations

Application The KLT relation

Contents

e Application
@ On-shell plus S-matrix program
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On-shell plus S-matrix program
The proof of KK andBCJ relations

Application The KLT relation

On-shell plus S-matrix

Now we discuss some general properties for massless
quantum fields, which is initiated by Benincase and Cachazo.

For massless field, we have

@ On-shell condition makes the better variable to be spinor A
and anti-spinor A (not the familiar p, and polarization
vector)

@ Lorentz invariance allows only following combinations
(A|A2) and [A1|>\2]

@ ) carries helicity charge —1/2 and )\ carries helicity charge
+1/2. Amplitude must carry the right helicity for each
massless particle
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On-shell plus S-matrix program
The proof of KK andBCJ relations

Application The KLT relation

On-shell plus S-matrix

First nontrivial result:

@ Three-point on-shell amplitude is completely determined
by Lorentz symmetry and helicity. For example, with the
case hy = ho = hs we have following four configurations:

s ( (12)° )”
M3(1ma2r733) = Kmrs <7 s

2[3) (3|1)

DAY
Ms(17.27,35) = ks <[2|3][3|1]> ;
Ms(15,27,35) = Rrs ((1]2) (2]3) (31))",

Ms(17,,2,35) = Fas ((112][2/3]31])",
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On-shell plus S-matrix program
The proof of KK andBCJ relations
The KLT relation

Application

@ Two immediately conclusions:

e By crossing symmetry, when h = odd, the ks must to
totally antisymmetric, while when h = even, the ks must
to totally symmetric.

e Thus for vector with h = 1, if we have less than three
particle types, it is identical zero. It is very familiar for U(1)
photo without self-interaction.

o To have self-interaction, the minimal number is three, i.e.,
the non-Abelian SU(2).
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On-shell plus S-matrix program
The proof of KK andBCJ relations

Application The KLT relation

On-shell plus S-matrix

Second nontrivial result: Four particle test

@ Now we consider A(1,2,3,4) with h; = 1 and calculate it
using two different deformations: (1) (1, 2)-deformation; (2)
(4, 1)-deformation.

@ Results from both deformations should be same. The
consistent condition gives familiar Jacobi identity

E :fa1a4a,fa,asa2 + E :fa1a3a,fa,a4a2 + E :fa1a2a,fa,a3a4 =0.
aj aj a
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On-shell plus S-matrix program
The proof of KK andBCJ relations

Application The KLT relation

On-shell plus S-matrix

@ If all particles with h; = 2, four particle test tell us that the
algebra defined by

EaxEp = fapc Ec

must be commutative and associative.

@ With h > 2 we can show there is no non-trivial way to
satisfy the four-particle test

@ When some particle with h = 2 and some with h < 2,
coupling constant should be same.
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On-shell plus S-matrix program
The proof of KK andBCJ relations

Application The KLT relation

Contents

e Application

@ The proof of KK andBCJ relations
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On-shell plus S-matrix program
The proof of KK andBCJ relations

Application The KLT relation

Now we want to show following four facts:

@ (1) Color-order reversed relation for general n;

@ (2) The U(1)-decoupling relation;

@ (3) The KK-relation;

@ (4) The BCJ relation;
The only assumption we will use: BCFW cut-constructibility of
gluon amplitudes

Another fact from previous discussion is that for color-ordered
three-point amplitude we have

A(1,2,3) = —A(8,2,1)
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On-shell plus S-matrix program
The proof of KK andBCJ relations

Application The KLT relation

Color-order reversed relation

Color-order reversed relation:

A(1 , 1, {/81 ) ---7/8n—2})

n-3 1
= ZA(nHBh"'75/7_P)EA(P7B"+17"’7/8’7_2’1)

i=1
n-3 . 1 .

= Z(_)H—IA(1 9 5n—27 ceey ﬁi+1 9 P)ﬁ(_)l—i_zA(_Pa Bia cey 51 9 n)
i=1

= (_)nA(17ﬁn72)/an1)"')/B1an)
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On-shell plus S-matrix program
The proof of KK andBCJ relations

Application The KLT relation

U(1)-decoupling identity

U(1)-decoupling identity. It can be done by induction for which
we use n = 5 to show the idea (by (1, 2)-deformation)

A(1,2,3,4,5) = A(1,P23,4,5) + A(1,P234,5) + 0
A(1,5,2,3,4) = A(1,5,Px3,4) + A(1,5Po3s) + A(1,Ps,3,4)
A(1,4,5,2,3) = A(1,4,5,P3) + O + A(1,4,P52,3)
A(1,374,572) = 0 + 0 + A(1,374,P52)

+ 0 + 0

-+ A(1,P523,4) + 0

+ A(1,4,P523) + A(1,P452,3)

+ 0 + A(1,37P452)
where

~ ~ 1 ~ o~
A(1, Po3,4,5) = A(1,P2374,5)?A(—P23,2,3)
23
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On-shell plus S-matrix program
The proof of KK andBCJ relations

Application The KLT relation

KK-relation

o KK-relation:

An(1,{a},n.{B}) = (-1)" > An(1,0,n) .

c€OP({a}.{8})

where sum is over partial ordering.
@ Example

A(1 ) {2}757 {374} = A(1 ,2,4, 3,5)
+A((1,4,2,3,5) + A(1,4,3,2,5)
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On-shell plus S-matrix program
The proof of KK andBCJ relations

Application The KLT relation

KK-relation

@ We use (1,5)-shifting for n = 5. First step we do BCFW
expansion:

A(1,2,5,3,4) = A(4,1,2,P35)P12A(—P35,5,3)

35
1
+A(37 47 1 ) P25)TA(_P257 27 5)
P25
1
+A(1 ) 27 _P12)PTA(P127 57 37 4)

12

1
+A(47 177P41)72A(P417255’3)
P41
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On-shell plus S-matrix program
The proof of KK andBCJ relations

Application

The KLT relation

Using Color-order reverse, U(1) and KK for components:

A(1,2,5,3,4)
1
= (ZA(1,2,4,P3s) — A(1,4.2, Pss)) 55 (—A(~Pss.3.5))
35
1
+A(174)37 P25)72A(_P2572)5)
P25
1
+A(1727_P12)7A(P12)473’5)
P12
1
+(—A(1,4, _P41))PT(_A(P41 ,2,3, 5) — A(P41 ,3,2, 5))

41

Ti+ T4 :A(1?2747375)7 To+Ts :A(1’4’2’3’5)’
T3+ Te = A(1,4,3,2,5)
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On-shell plus S-matrix program
The proof of KK andBCJ relations

Application The KLT relation

BCJ relation

@ First we want to remark that all BCJ-relation can be
derived from the one with length one at the set «. We call it
the fundamental set.

@ The form of fundamental one

0 = Ily=A(2,4,3,1)(543 + Sa1) + A(2,3,4,1)544
0 = I=A(2,4,3,51)(S43 + Sa5 + Sa1)

+A(2,3,4,5,1)(8a5 + 841) + A(2,3,5,4, 1) S41
0 = k= A(2,4,3,5,6,1)(S43 + S45 + S46 +S41)

+A(27 3a 47 57 67 1 )(345 + Ss6 + 341)
+A(27 3) 57 4) 67 1 )(346 + S41) + A(27 37 57 6a 47 1)541

Bo Feng Tutorial of on-shell recursion relation



On-shell plus S-matrix program
The proof of KK andBCJ relations

Application The KLT relation

@ The dual format by momentum conservation
0 = A(2, 4,3,5,1 )824 + A(2, 3,4,5,1 )(324 + 834)
+A(2, 3,5,4,1 )(824 + S34 + S54)

@ A special case with n = 3: A(1,2,3)s23 = 0.
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On-shell plus S-matrix program
The proof of KK andBCJ relations

Application The KLT relation

BCJ relation

@ Take (1, 6) to do the deformation, consider combination

I(z) = s,7A(1,2,3,4,5,6) + (5,7 + 832)A(1,3,2,4,5,6)
+(Sy7 + 832 + s42)A(1,3,4,2,5,6)
+(32/1\ + S32 + Sg2 + 352)A(Ta 37 4a 57 2a /6\)

e Consider contour integration §,_, %/s(z) = Is(z = 0).

@ Same contour can be evaluated using the finite poles plus
boundary contribution.
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On-shell plus S-matrix program
The proof of KK andBCJ relations

Application The KLT relation

@ To see boundary part,
IG(Z) = L+5b

h = sy|A(1,2,3,4,5,6) + A(1,3,2,4,5,6)

+A(1,3,4,2,5,6) + A(1,3,4,5,2,6)

~ ~ 1
= —32¢A(1,3,4,5,6,2) — 2
where KK-relation has been used, while for

L — =
2 z

® Result §,  %/s(z) =0
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On-shell plus S-matrix program
The proof of KK andBCJ relations
The KLT relation

Application

Finite pole part, expansion by on-shell recursion relation

o
A(1,2,3,4,5,6) » s,;A3(1,2,P) A(—P,3,4,5,6)
A(1a372a475a6) — _A3(173a P) A(_P72a475 6)(324 + Sos + 826)
A(1a374a275a6) — _A3(173a P) A(_P>4a275 6)(325 + 326)
A(1a3>4757276) — _A3(1737 P) A(_P74’572 6)(3 )

o
A(1,2,3,4,5,6) — s,:A3(1,2,3,P) A(—P,4,5,6)
A(1,3,2,4,5,6) — (32T+323)A3(1 3,2,P) A(-P,4,5,6)
A(1,3,4,2,5,6) — —A3(1,3,4,P) A(—P,2,5,6)(S25 + Sy
A(1,3,4,5,2,6) — —A3(1,3,4,P) A(—P,5,2,6)(82§)
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On-shell plus S-matrix program
The proof of KK andBCJ relations

Application The KLT relation

A(1,2,3,4,5,6) — s,:A3(1,2,3,4,P) A(—P,5,6)
A(1,3,2,4,5,6) — (Sy7 + s23)A3(T 3,2,4,P) A(-P,5,6)
A(1,3,4,2,5,6) = (S, + Se3 + S24)A3(1,3,4,2,P)  A(—P,5,6)
A(1,3,4,5,2,6) — ~A3(1,3,4,5,P) A(—P,2,6)(s,5

@ For the general n, the proof will be exactly same
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On-shell plus S-matrix program
The proof of KK andBCJ relations

Application The KLT relation

Contents

e Application

@ The KLT relation
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On-shell plus S-matrix program
The proof of KK andBCJ relations

Application The KLT relation

The differences between gauge theory and gravity

Let us compare gauge theory and gravity theory:

@ Gauge symmetry is symmetry for inner quantities while
gravity theory is based on the space-time symmetry, the
general equivalence principal for the choice of coordinate.

@ The spin of gauge bosons is one while the spin of graviton
is two.

@ More importantly, the Lagrangian of gauge theory is
polynomial with finite interaction terms while the Einstein
Lagrangian is highly non-linear and infinite interaction
terms after perturbative expansion.

Bo Feng Tutorial of on-shell recursion relation



On-shell plus S-matrix program
The proof of KK andBCJ relations

Application The KLT relation

However, we must be careful about these differences we have
talked:
@ The Lagrangian description is a off-shell description. What
happens if we constraint to only on-shell quantities?

@ We have clues from string theory:

e Graviton given by closed string; Gluons given by open
string.

o Closed string === left-moving open mode x right moving
open mode

@ In one word, on-shell Graviton == [Gluon]?
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On-shell plus S-matrix program
The proof of KK andBCJ relations
The KLT relation

Application

@ One accurate description of above claim is the KLT relation
for tree-level scattering amplitude, which is obtained from
string theory. For example

Ms(1,2,3) = As(1,2,3)A3(1,2,3),
Ms(1,2,3,4) = As(1,2,3,4)s12A4(3,4,2,1)

@ Question: Could we understand this relation directly in the
framework of quantum field theory?
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The Field Theory Proof of KLT

|dea of field theory proof of KLT

Now we can give the idea of field theory proof of KLT relation:

@ First using only the Lorentz invariance and spin symmetry
we have M3(1,2,3) = Az(1,2,3)A3(1,2,3).

@ Using BCFW-relation to expand gluon amplitudes and then
recombine them to give the BCFW expansion of graviton
amplitude. Thus by the induction method, we have the
pure field theory proof.
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The Field Theory Proof of KLT

Example One: four gravitons with relation

My(1,2,3,4) = (-)s12A(1,3,4,2)A(1,4,3,2)
@ Step one: Using (1,2)-BCFW-shifting to make

| = fiz( )s12A(1,3,4,2)A(1,4,3,2) = 0

@ BCFW expansion to get

1 SR .
A3(P13 ,4,2)A4(1(213),4,3,2(213))

2312/‘\3 (1,3, P13)
1
+ 2312/‘\4 (214),3,4.2(214))As(1, 4, —Py) 14A3(P1h47372)
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The Field Theory Proof of KLT

@ For theAfirst line we can use the BCJ relatign R
S12A4(1(213), 4, 3,2(213)) = $13(213)A4(4,2(213), 3, 1(213)
to write it as

As(1,3, P13) A3(P13,4,§)s1s(z13)A4(4,§(z13),3,?(213).

@ Naively in the cut zy3 we will have s13(z13) = 0. However,
notice that
A4(4,2,3,1)

_ ZA3(47§(Z13),/313(213))/43(—’313(213),3,T(Z13))
513

h
+A3(T, 4, Pa3(213)As(—P23(214), 3, 1(214))
S14
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The Field Theory Proof of KLT

@ Thus we see that

s13(213)A(4,2(z13), 3, 1(213)
= > A(4,2(213), Pas)A(—Pas(213), 3, 1(213))
h

@ Doing similarly for the second term we obtain

ZA31 3, P13)—A3(P13 ,4,2)As(1,3,—Pl,)As(P. 4,2)
hh

>~ As(T. 4, ~Pl) AP 3.2)A5(1,4, ~Pll) — As(PM':s 2)
h,h
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The Field Theory Proof of KLT

@ The double sum }, +~ can be written as two sums » 7 _,
and )z,

@ We have also vanishing identity for flipped helicity
AS(Tv 3, _ﬁ‘E)AS(Ta 3, _ﬁ1_3) =0
@ Using three point result we can combine to get

’
My(1,2,3,4)= > Ms(1,3, P13) M3(P13h,4 2)

h=+,—

-~ ~ 1 ~ ~
+Ms(1, 4, —Pf4)§M3(P14’7, 3,2)
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The Field Theory Proof of KLT

Function S:

@ To write down the general KLT relation, we need following
function

k k
S[I‘I PREEY} ik’j1 >j27 --~7jk]p1 = H(siﬂ + Z e(iﬁ iQ)sitiq)
t=1 q>t

where 6(it, i) = 0 is zero when pair (it, iy) has same
ordering at both set Z, 7 and otherwise, it is one.. Set 7 is
the reference ordering set.

S[2,3,4|2,4,3] = S21(S31 + S34)Sa1,
S[2,3,4/4,3,2] = (Sz1 + Soz + S24)(S31 + S34) 541
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The Field Theory Proof of KLT

@ Property:

Slits - liclfts J2s s Ji) = Sliks -+ a1k, - ]

@ Dual function

n—1
Slig, -y in-1lf2s -+sdn-1lon = [ [ (Sin + D 0t Ja)Spjy) -
t=2 q<t

S and S are related as follows:

SIZ|Tp, = SITTIZps

S[2,3,4/4,3,2] = s45(S35 + S34)(So5 + S23 + S24)
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The Field Theory Proof of KLT

@ A crucial property

1= Slali, ooy i)t J2s s JJAKK + 2,0, ..y i), 1) = 0

a€ Sy

by BCJ relation.
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The Field Theory Proof of KLT

General KLT relations:

@ The manifest (n — 3)! symmetric form

My
= (7)n+1 Z Z Z A(1,{0’2,..,O'j},{0j+1,..,Un_g},nf1,n)

o€S, 3 OLGS,' ﬁESnfafi
S[a(027 EE U/)|02’ = U/]P1 g[U/+1 y 0n72|6(0-/+1 IERY) 0”72)]%71

:‘(a(aza "70-]')a 1 N — 17B(Uj+1 ) --7Un—2), n)
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The Field Theory Proof of KLT

@ The set / or set J can be empty, so we have two more
symmetric forms:

M= (=)"" > A(1,0(2,n—2),n—1,n)

0,0€8,_3

Sle(2,n—2))|o(2,n—2))]p, Z(n —-1,n,0(2,n—2),1)
as well as

My =(—)"" > A(1,0(2,n—2),n—1,n)

0,0€S,_3

Slo(2,n - 2))|5(2,n— 2))lp,_, A(1,n—1,5(2,n— 2),n)
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The Field Theory Proof of KLT

The (n— 2)! symmetric new KLT formula:

Mp=(=)"> A(n~(2,...,n—1),1)
7.8

SH(2,....,n—=1)|3(2,..,n—1)]p,A(1, B(2, ..., n = 1),N)/S123_(n—1)

and
Ma=(=)"> A(1,B8(2,....,n—1),n)
By

S[B2,...n— (2, ..., n = D]p, AN, (2, ... n—1),1) /82,
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The Field Theory Proof of KLT

New vanishing identities:

If we use the (n., n_) to denote the number of positive
(negative) helicities in A having been flipped in A, then when
ny # n_, we obtain zero, i.e.,

0= (_)nZZ\,,#n_(n,y(z, on—1),1)
V.8

S(2,...,n—=1)|8(2,..,n—1)]p,A(1, B(2,...,n —1),n)/S123.(n-1)
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The Field Theory Proof of KLT

The BCFW proof of the new KLT formula: First step, the pole
structure analysis of a general one, for example, s{o

@ The pole appears in only one of the amplitudes Anand A,.
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The Field Theory Proof of KLT

The BCFW proof of the new KLT formula: First step, the pole
structure analysis of a general one, for example, s{o

@ The pole appears in only one of the amplitudes Anand A,.
@ The pole appears in both amplitudes Apand A,.
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The Field Theory Proof of KLT

The second step is to show the structure (A) giving zero:

@ The BCFW expansion is given by

(=1 Z >on Z\n—k+1(ﬁ’}’v‘ﬁh)zkﬁ(ﬁ_hyofl\)
770-7

S72..n—1 Si2..k

xSho|Bz,.n-11An(1, Ba,..n-1,71)
@ Important observation:
S[yo|B2,..n—1] = Slo|p2.k] x (a factor independent of o) ,

@ By BCJ relation

S At (P 0, 1)S[olpay] =0,
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The Field Theory Proof of KLT

The third step is to show the part (B) giving the desired result:

@ The BCFW expansion is now

S, AR, v, P~MA(=Ph, 0, 7)
S12. k

_ 94 \n+1
) Sholag]

(
Si2..(n=1) 4 B
S A, a, —PMAP, 5, ﬁ)]

S72. k
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The Field Theory Proof of KLT

@ Using S[yolaf] = S[o]a] x Sp[v|5] we obtain

-1 n+1
(=1) >

S12..k

SA

Z*/P\h,O',TSO'OéAT,a,*ﬁh
(Z ( )S[o|a] A( ))

h 0,0 12.k
A(R,~, P~MS5[y|BIA(P, 3,
(Z (33 PSSP .5 )>]+(h,h),
Iy Pk+1..(n—1)

@ Itis nothing but

_Zh Mk+1 (/1\7 2a B k’ _ﬁh)MnkaH(/ls_ha k + 17 s 77\7)

S12.k
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The Field Theory Proof of KLT

The proof of (n — 3)! form will be almost same:
@ Divide the pole structure into (A) and (B) part.

@ Using the BCJ to show the (A) part to be zero.

@ Using the (n— 2)! form to show that the part (B) is nothing,
but the BCFW expansion.
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The Field Theory Proof of KLT

Some remarks

@ The on-shell structure of [gravity] = [gluon]? is extremely
important. One can apply it to construct the loop amplitude
of SUGRV.

@ The reason we have the simple proof is because on-shell
recursion relation has got rid of complicated off-shell
information
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The Field Theory Proof of KLT

The study of analytic property of scattering amplitudes has
caught many attentions in recent years. Although there are
huge progresses we have made, there are still more waiting us
to discover!
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