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Abstract

In this paper, we consider two regularized transformation-optics cloaking
schemes for electromagnetic (EM) waves. Both schemes are based on the blowup
construction with the generating sets being, respectively, a generic curve and a
planar subset. We derive sharp asymptotic estimates in assessing the cloaking per-
formances of the two constructions in terms of the regularization parameters and the
geometries of the cloaking devices. The first construction yields an approximate
full-cloak, whereas the second construction yields an approximate partial-cloak.
Moreover, by incorporating properly chosen conducting layers, both cloaking con-
structions are capable of nearly cloaking arbitrary EM contents. This work com-
plements the existing results in Ammari et al. (SIAM J Appl Math 73:2055-2076,
2013), Bao and Liu (SIAM J Appl Math 74:724-742, 2014), Bao et al. (J Math
Pure Appl (9) 101:716-733, 2014) on approximate EM cloaks with the generating
set being a singular point, and it also extends Deng et al. (On regularized full- and
partial-cloaks in acoustic scat- tering. Preprint, arXiv:1502.01174, 2015), Li et al.
(Commun Math Phys, 335:671-712, 2015) on regularized full and partial cloaks
for acoustic waves governed by the Helmholtz system to the more challenging EM
case governed by the full Maxwell system.

1. Introduction

1.1. Background

This paper is concerned with the invisibility cloaking of electromagnetic (EM)
waves via the approach of transformation optics. This method, which is based on
the transformation properties of the optical material parameters and the invariance
properties of the equations modeling the wave phenomena, was pioneered in [16]
for electrostatics. For Maxwell’s system, the same transformation optics approach
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was developed in [34]. In two dimensions, Leonhardt [24] used the conformal map-
ping to cloak rays in the geometric optics approximation. The obtained cloaking
materials are called metamaterials. The metamaterials proposed in [17,24,34] for
the ideal cloaks are singular, and this has aroused great interest in the literature
to deal with the singular structures. In [12,30], the authors proposed considering
the finite-energy solutions from singularly weighted Sobolev spaces for the under-
lying singular PDEs, and both acoustic cloaking and EM cloaking were treated.
In [11,13,20,21,27], the authors proposed avoiding the singular structures by in-
corporating regularization into the cloaking construction, and instead of an ideal
invisibility cloak, one considers an approximate/near invisibility cloak. The latter
approach has been further investigated in [3,4,28] for the conductivity equation and
Helmholtz system, modeling electric impedance tomography (EIT) and acoustic
wave scattering, respectively, and in [5-7] for the Maxwell system, modeling the
EM wave scattering. For all of the above mentioned work on regularized approx-
imate cloaks, the generating set is a singular point, and one always achieves the
full-cloak; that is, the invisibility is attainable for detecting waves coming from
every possible incident/impinging direction, and observations made at every pos-
sible angle. In a recent article [25], the authors proposed studying regularized
partial/customized cloaks for acoustic waves; that is, the invisibility is only attain-
able for limited/customized apertures of incidence and observation. The key idea
is to properly choose the generating set for the blowup construction of the cloaking
device. In [25], the authors only proved qualitative convergence for the proposed
partial/customized cloaking construction, and the corresponding result was further
quantified in [9] by the authors of the current article.

In this paper, we shall extend [9,25] on the regularized partial/customized cloaks
for acoustic wave scattering to the case of electromagnetic wave scattering. We
present two near-cloaking schemes with the generating sets being a generic curve
or a planar subset, respectively. It is shown that the first scheme yields an ap-
proximate full-cloak, whose invisibility effect is attainable for the whole aperture
of incidence and observation angles. The result obtained complements [5—7] on
approximate full cloaks. However, the generating set for the blowup construction
considered in [5-7] is a singular point, whereas in this study, the generating set is a
generic curve. The cloaking material in our full-cloaking scheme is less “singular”
than those in [5—7], but at the cost of losing some degree of accuracy on the invisi-
bility approximation. The second scheme would yield an approximate partial-cloak
with limited apertures of incidence and observation. We derive sharp asymptotic
estimates in assessing the cloaking performances in terms of the regularization
parameters and the geometries of the generating sets. The estimates are indepen-
dent of the EM contents being cloaked, which means that the proposed cloaking
schemes are capable of nearly cloaking arbitrary EM objects. Compared to [5-7]
on approximate full-cloaks, we need to deal with anisotropic geometries, whereas
compared to [9,25] on approximate partial-cloaks for acoustic scattering governed
by the Helmholtz system, we need to tackle the more challenging Maxwell system.
Finally, we refer the readers to [8,14,15,29,36] for surveys on the theoretical and
experimental progress on transformation-optics cloaking in the literature.
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1.2. Mathematical Formulation

Consider a homogeneous space with the (normalized) EM medium parameters
described by the electric permittivity 9 = I3x3 and magnetic permeability po =
I343. Here and also in what follows, I3x3 denotes the identity matrix in R3%3,
For notational convenience, we also let g := 0 - I3x3 denote the conductivity
tensor of the homogeneous background space. We shall consider the invisibility
cloaking in the homogeneous space described above. Following the spirit of [5-7],
the proposed cloaking device is compactly supported in a bounded domain €2, and
takes a three-layered structure. Let Q, € Q. € Q be bounded domains such that
Qu, 2\, and 2\, are connected, and they represent, respectively, the cloaked
region, conducting layer and cloaking layer of the proposed cloaking device. Let
I'p be a bounded open set in R3, and it shall be referred to as a generating set in
the following. For § € R, we let Ds denote an open neighborhood of I'y such that
Ds — T'g (in the sense of Hausdorff distance) as § — +40. Ds will be referred to
as the virtual domain, and shall be specified below. Throughout, we assume that
there exists a bi-Lipschitz and orientation-preserving mapping Fs : R> — R3 such
that

F5(Dsp2) = Qq, Fs(Ds\Dsp2) = Q:\Qa, F5(R\Ds)
= Q\Q. and Fj|g3 o = Identity. (1.1)

Next, we describe the EM medium parameter distributions {R>; €, i, o'} in the
physical space containing the cloaking device, and {R3; &s, s, 0} in the virtual
space containing the virtual domain. The EM medium parameters are all assumed
to be symmetric-positive-definite-matrix valued functions, and they characterize,
respectively, the electric permittivity, magnetic permeability and electric conduc-
tivity. In what follows, {R3; &, 1,0} and {RS; &s, s, og} shall be referred to as,
respectively, the physical and virtual scattering configurations. Let

€0, 0,00 in RI\Q,
Ezka Mj’ Uc* in Q\ﬁc,
ef,uy, o in Qc\Qq,
e uk,of in Qg

R e, pu, 0} = (1.2)

and o
€0, o, 00 in R3\Ds,
{R: &5, s, 05} = { er, w01 in Ds\Dypa. (1.3)
Eas MLa, Oq in Dg/z,

The virtual and physical scattering configurations are connected by the so-called
push-forward via the (blowup) transformation Fs in (1.1). To that end, we next
introduce the push-forward of EM mediums. Let m and mg, respectively, denote
the physical and virtual parameter tensors, where m = &, u or o. Define the push-
forward (Fs).mg as

m = (F5)ums = ( (DF5) - ms - (DFs)T) oFy !, (14

det(DFs)
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where D Fs denotes the Jacobian matrix of the transformation Fs. Throughout the
rest of our study, we assume that

(R e, 1, 0) = (F3)«(R%: &5, s, 05) = (R: (Fy)wes, (F3)umts, (F3)s0s).
(1.5)
Next, we consider the time-harmonic EM wave scattering in the physical space.
Let

. . . 1 .
E (x) :=pe*d, H = E(V x EN(x), x € R?, (1.6)

where p € R3\{0},d € S? and w € R. (E, HY) in (1.6) is called a pair of EM
plane waves with E the electric field and H' the magnetic field. p is the polarization
tensor, d is the incident direction and w is the wavenumber of the plane waves E!
and H'. It always holds that

pLld, namely p-d=0. 1.7
E’ and H' are entire solutions to the following Maxwell equations

VxE —iopH =0 in R3,
VxH +ivggEl =0 in R3,

The EM scattering in the physical space {R?; &, i, o'} due to the incident plane
waves (E', H") is described by the following Maxwell system

VXxE—iouH=0 in R3, (18)
VxH+ioE+iZ)E=0 in R’ ‘
subject to the Silver-Miiller radiation condition:
lim |x||((H—H) x % — (E—E") =0, (1.9)

[Ix||—oc0

where & = x/||x|| for x € R3\{0}. We seek solutions E, H € Hj,.(curl; R?) to
(1.8); see [19,22,23,31] for the well-posedness of the scattering system (1.8). Here
and also in what follows, we shall often use the spaces

Hjoc(curl; X) = {U|p € H(curl; B); B is any bounded subdomain of X}
and
H(curl; B) = {U € (L*(B))’; V x U € (L*(B))*}.

It is known that the solution E to (1.8) admits the following asymptotic expan-
sion as [|x|| — oo (see, example, [10])

. iol|x]| .
E®) —E'(x) = S Ax (i;El) +0(L2), (1.10)
x> U I

Aso(kip.d) i= Ao (ﬁ El’) (1.11)
X

where
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is known as the scattering amplitude and X denotes the direction of observation. It
is readily verified that

Ase(k:p.d) = [pllAn (x ﬁd) (1.12)

Therefore, without loss of generality and throughout the rest of our study, we shall
assume that [|p|| = 1, namely, p € S?.

Definition 1.1. Let X, C S$?, £, c S? and ¥ C S2. {Q; &, u,o0} is said to be a
near/approximate-cloak if

A& p,d)| €1 for X€ 33, pe X, de I, (1.13)

IfX,=%;=X; = S?, then it is called an approximate full-cloak, otherwise it is
called an approximate partial-cloak.

According to Definition 1.1, the cloaking layer {Q\Q; e, u*, 0¥} together with
the conducting layer {2.\Q; e/, uj, 0/} makes the target EM object {Qg; &},
uy, oy} nearly invisible to detecting waves (1.6) withd € X; and p € X, and
observation in the aperture X;. ¥; and X; shall be referred to as, respectively, the
apertures of incidence and observation of the partial-cloaking device. For practical
considerations, throughout the current study, we assume that the cloaking device is
not object-dependent; that is, the cloaked content {Q,; €, u*, o} is arbitrary but
regular, namely, &, u*, o are all arbitrary symmetric positive definite matrices.
In Definition 1.1, (1.13) is rather qualitative, and in the subsequent study, we shall
quantify the near-cloaking effect and derive sharp estimate in assessing the cloaking

performance. To that end, the following theorem plays a critical role (cf. [6,7]).

Theorem 1.1. Let (E, H) € Hj,(curl; R3)? be the (unique) pair of solutions to
(1.8). Define the pull-back fields by

Es = (F3)*E := (DF5)"Eo F5, Hs = (Fs)*H := (DFs) Ho F;.

Then the pull-back fields (Es, Hs) € Hjo.(curl; R3)? satisfy the following Maxwell
equations

V x Es —iouoHs =0 in R3\Ds,
V x Hs +iwggEs =0 in RS\BS,
VXEs —iousHs =0 in Dg, (1.14)

V< Hy +io(e +i%)Es =0 in D
subject to the Silver—Miiller radiation condition:

lim |x[|((Hs — H) x X — (E; — E')) = 0. (1.15)

[Ix]|—oc0
In Particular, since Fy = Identity in R3\Q, one has that
A E) =Al (X E), k€S (1.16)

where Ago (X; EY) denotes the scattering amplitude corresponding to the Maxwell
system (1.14).
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Hence, by Theorem 1.1, in order to assess the cloaking performance of the
cloaking device {€2; ¢, u, o} in (1.2) associated with the physical scattering system
(1.8)—(1.9), it suffices for us to investigate the virtual scattering system (1.14)—
(1.15). Here, it is noted for emphasis that by (1.5), one has

{Ds2; €a, tas 00} = (Fy )i Qs &8, i 0} (1.17)

Since {€24; €}, 1k, o} isarbitrary and regular and Fj is bi-Lipschitz and orientation-
preserving, it is clear that {Ds/2; &4, ta, 04} is also arbitrary and regular.

In summarizing our discussion so far, in order to construct a near-cloaking de-
vice, one needs to firstly select a suitable generating set ['g and the corresponding
virtual domain Dj; and secondly the blowup transformation Fjs in (1.1); and thirdly
the virtual conducting layer {Ds \55 /25 €1, i, 07); and finally assess the cloaking
performance by studying the virtual scattering system (1.14)—(1.15). In this arti-
cle, we shall be mainly concerned with extending the full- and partial-cloaking
schemes proposed in [9,25] for acoustic waves to the more challenging case with
electromagnetic waves. There the generating sets are either a generic curve or a
planar subset, and the blowup transformations are constructed via a concatenating
technique. Hence, in the current study, we shall mainly focus on properly design-
ing the suitable conducting layers and then assessing the cloaking performances by
studying the corresponding virtual scattering system (1.14)—(1.15).

The rest of the paper is organized as follows. In Section 2, we collect some pre-
liminary knowledge on boundary layer potentials, which shall be used throughout
our study. Sections 3 and 4 are, respectively, devoted to the study of the full- and
partial-cloaking schemes.

2. Boundary Layer Potentials

Our study shall heavily rely on the vectorial boundary integral operators for
Maxwell’s equations. In this section, we review some of the important properties
of the vectorial boundary integral operators for the later use.

2.1. Definitions

Let D be a bounded domain in R* with a C!:!-smooth boundary 3D and a
connected complement R3\ D. Let V;p- denote the surface divergence on 3 D and
H? (9 D) be the usual Sobolev space of order s € R on dD. Let v be the exterior unit
normal vector to d D and denote by TH*(dD) := {a € H* (0D)*; v -a = 0}, the
space of vectors tangential to d D which is a subset of H* (9 D)3. We also introduce
the function space

TH,(0D) : ={a € TH'GD); Vip -2 e H'@D),
endowed with the norm

lalltus, ooy = llalltas@py + IVap - allbs @ p)-



Full and Partial Cloaking in Electromagnetic Scattering 271

Next, we recall that, for ® € Ry U {0}, the fundamental outgoing solution G,
to the PDO (A + w?) in R is given by

il

Gw(x) = -

. 2.1
4 Ix| @D

In what follows, if w = 0 we simply write G, as G.
For a density function a € THY;,(d D), we define the vectorial single layer
potential associated with the fundamental solution G, introduced in (2.1) by

Splalx) := / Go(x —ya(y)do,, x¢€ R3. (2.2)
aD
For a scalar density ¢ € H*(d D), the single layer potential is defined similarly by

SYlp10x0) = /d Gu(x= Yoy doy. xR 23)

The following boundary operator shall also be needed:
M4 L2 (OD) —> L3(3D)
a — MP[al(x) =p.v. vx XV x /3D Gu(x,y)a(y)doy, (2.4)
where L% (0D) := TH°(@D), and p.v. signifies the Cauchy principle value. In

what follows, we denote by Ap, Sp and Mp the operators A° S([), and MOD,
respectively.

2.2. Boundary Integral Identities

Here and throughout the rest of the paper, we make use of the following notation:
for a function u defined on R3\8 D, we denote

ul+(x) = rE)r{lwu(x *tv(x)), x€9D,

and
ou

av

x) = lim (Vyu(x £ tv(x)), v(X)), x€dD,
+ T—+0

if the limits exist, where v is the unit outward normal vector to 0 D.
It is known that the single layer potential S7) satisfies the trace formula (cf.
[10,31])

0 1
aSg[w]’i = (iEI + (IC%)*) [¢] on 4D, (2.5)
where (K%)* is the L2-adjoint of K%, and

— 0G,(x~y)
Kplel :=p.v. /BD vy ¢(y)doy,, xedD.

The jump relations in the following proposition are also known (see [10,31]).
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Proposition 2.1. Ler a € TH(E/ 2(8 D). Then Sj)a] is continuous on R3 and its

curl satisfies the following jump formula,
v XV x S8lal|, = ch + M%[a] on 8D, (2.6)
where

v(x) x V x Sla)’[a]|i(x) = tl_i)I}rlov(X) x V x Splal(x £ rv(x)), VxedD.

Equipped with the above knowledge, the solution pair (Es, Hs) in R3\ Ds to (1.14)
can be represented using the following integral ansatz,

Es(x) = E{(x) + Vg x Sp,lalx), x e R3\Ds, (2.7)
H;(x) = 5 Ve x Es(x) = H'(x) + 75 Vx X Vx x 8% [al(x), x € R3\D;,
z (2.8)

where by (2.6) the vectorial density function a € THgi}/ 2(8 Dy) satisfies

I :
(— 5+ M‘Ba)[a](x) =vx (Es—EHx)| , yeaDs. 2.9)
J’_

3. Regularized Full-Cloaking of EM Waves

In this section, we consider a regularized full-cloaking scheme of the EM waves
by taking the generating set to be a generic curve. As discussed in the introduction,
this scheme was considered in our earlier work [9] for acoustic waves. For self-
containedness, we briefly discuss the generating set I'g and the virtual domain Dy
for the proposed cloaking scheme in the sequel, which can also be found in [9]. Let
o be a smooth simple and non-closed curve in R? with two endpoints, denoted
by Py and Qy, respectively. Denote by N (x) the normal plane of the curve Iy at
x € I'g. We note that N(Py) and N (Qyp) are, respectively, defined by the left and
right limits along I'g. Let ¢ € R,. For any x € I'g, we let ./, (x) denote the disk
lying on N (x), centered at x and of radius ¢. It is assumed that there exists ggp € R
such that when g < qo, 74 (x) intersects I'g only at x. We let D; be given as

D] := .7,(x) x Ty(x), x €Ty, 3.1)

where T is identified with its parametric representation I'o(x); see Fig. 1 for a
schematic illustration. Clearly, the facade of D;; , denoted by S,{ and parallel to Iy,
is given by

s/ = {x +¢-n®x);x € Ty, nx) € Nx) msz} , 3.2)

and the two end-surfaces of D,{ are the two disks ., (Po) and .7 (Qo). Let DZ and
D('; be two semi-balls of radius ¢ and centred, respectively, at Py and Q. Let Sg and
S(’I’ be the two hemispheres such that GDZ = Sg U~ (Pp) and aDé’ = Sguyq (Qo).
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Fig. 1. Schematic illustration of the domain Dy for the regularized full-cloak

It is assumed that S, := Sqf u Sé’ USgisa C!1-smooth boundary of the domain
Dy := DU DJ UDE.

Henceforth, we let § € R be the asymptotically small regularization parame-
ter and let Dy denote the virtual domain used for the blowup construction of the
cloaking device. We also let

S5 =S UShUSS (3.3)

denote the boundary surface of the virtual domain Ds. Without loss of generality,
we assume that gg = 1. We shall drop the dependence on ¢ if one takes g = 1.
For example, D and S denote, respectively, D, and S, with ¢ = 1. It is remarked
that in all of our subsequent arguments, D can always be replaced by D, with
0 < 19 < go being a fixed number.

In what follows, if we utilize z to denote the space variable on I'g, then for
every y € Dg , we define a new variable z, € I'g which is the projection of y onto
['g. Meanwhile, if y belongs to DZ (respectively Dfi’ ), then z, is defined to be Py
(respectively Qp). Henceforth, we let & denote the arc-length parameter of 'y and
6, which ranges from 0 to 27, be the angle of the point on N (§) with respect to the
central pointx(§) € I'g. Moreover, we assume that if & = 0, then the corresponding
points are those lying on the line that connects I'g(£) to I'1 (£), where I'y is defined
to be

I = {x+n(x);x € Ty, nj(x) € N(x) NS? — a fixed vector for a given x}.

With the above preparation, we introduce a blowup transformation which maps
y € Dstoy € D as follows:

o
AW =§i= G -2z)+2, ye p/, (3.4)
whereas
y—FP a
N Y= 4 p, € D4,
AW =§:=1{ 3, 0 YT (3.5)
——+ 0o, yE€Dy.

Next, we present the crucial design of the lossy layer in (1.3). Define the Jacobian
matrix B by

B(y) = VyA(y). ye€ Ds. (3.6)
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Set the material parameters €5, s and o in the lossy layer Ds \55 /2 to be

es(x) =& (x) 1 = 8" BIB™!,  ps(x) = py(x) := 8°[B[B,
0s(x) = oy(x) : = 8'BB™!, for x e Ds\Ds)2, (3.7)

where r, s and ¢ are all real numbers and | - | stands for the determinant when related
to a square matrix.

We are now in a position to present the main theorem on the approximate
full-cloak constructed by using Ds described above as the virtual domain.

Theorem 3.1. Let Ds be as described above with d Ds = Ss defined in (3.3). Let
(Es, Hs) be the pair of solutions to (1.14), with {<2; &5, s, 05} C {(R3: &5, s, 05}
defined in (1.3), and {Ds\Ds2; €5, us, 05} given in (3.7). Define

B=min{l,-1+r+s,—1+t+s}, B/ =min{l,-2+r+s, —2+1+s}.

Ifr, s and t are chosen such that B’ — t/2 2 1/2, then there exists 8y € Ry such
that when § < &,

IAZ & p, d)|| £ C(8P7/2H1 4 52) (3.8)

where C is a positive constant depending on w and D, but independent of &4, [Lqg,
o4 and X, p, d.

Remark 3.1. Following our earlier discussion, one can immediately infer by The-
orems 1.1 and 3.1 that the push-forwarded structure in (1.2),

{Q e, u, 0} = (Fs)«{2; &5, us, 05}

produces an approximate full-cloaking device within at least §-accuracy to the ideal
cloak. Indeed, if we set s = 3,r = 0andt = —1 thenonehas B = 1,8 =0
and the accuracy of the ideal cloak will be 82, which is the highest accuracy that
one can obtain for such a construction. In Particular, it is emphasized that in (3.8),
the estimate is independent of &,, u,, 04, and this means that the cloaked content
{Qq; e, uk, 0} in (1.2) can be arbitrary but regular. Finally, as remarked earlier,
we refer to [25] for the construction of the blowup transformation Fjy, of which we

always assume the existence in the current study.

The subsequent three subsections are devoted to the proof of Theorem 3.1. For
our later use, we first derive some critical lemmas.

3.1. Auxiliary Lemmas

In this subsection we present some auxiliary lemmas that are essential for our
analysis of the far-field estimates. To begin with, we show the following properties
of the blowup transformation defined in (3.4).
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Lemma 3.1. (Lemma 4.1 in [9]) _Let A _be the transformation introduced in (3.4)
and (3.5) which maps the region Dg to D. Let B(y) be the corresponding Jacobian
matrix of A(y) given by (3.6). Then we have

1 _ (1 _ / 1T f
B(y) — [ oo (I-Dn©ne" ye L. 4
313><3, y € D§ U Dy,

where the superscript T denotes the transpose of a vector or a matrix. Furthermore,
1
B(y)vy = Evy, y € dDs, (3.10)

where vy stands for the unit outward normal vector to 9 Ds aty € 0 Ds.

Remark 3.2. In view of the Jacobian matrix form (3.9), one can also find that the
eigenvalues of B(x), x € D; are either 1 or 1/5. Hence for any vector field V e R3,
there holds

IVI* < BV, V) <87 V|? (3.11)

uniformly for x € D;. It can also be easily seen from (3.9) that
B(y)| =572 yeDj. (3.12)
For the sake of simplicity, we define
Ef :=E; —E, Hl :=H;-H, in R)\D,. (3.13)
Furthermore, we introduce the following notations
E® =EA (%) =Ex), HE® :=HA %) =H®x), (3.14)
and define the corresponding fields after change of variables by
E® = (@) 'BH®. H® = (B)H DX, (3.15)
where
BX) :=B(A (X)) = B(x).

We mention that sometimes we write B and B in the sequel and omit their de-
pendences for simplicity. The following lemma is of critical importance for our
subsequent analysis.

Lemma 3.2. (Corollary 3.58 in [32]) Let X = A(x) with B(x) = VA(X). Then for
the bounded domain Ds and any vector field V € H (curl; Dy),

V&) = BN 'V&), V& :=V(), xe€ Ds,
there hold the following identities
B7'B(V x V)(A~' (%)) = Vz x V(X), (3.16)
and

/ (vx x V) - Wdo, =/ (vg x V) - Wdo; (3.17)
dDgs oD

where W € H (curl; Ds) and W(X) := BT)"'W(x) := (BT)"'W(x).
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Noting that
Sdoy, ye S/,

3.18
82doy, y € ST USY, G-18)

doy =

with which one can show that the following Lemma applies

Lemma 3.3. Let D¢, ¢ € {a, b} be defined at the beginning of this section. For
r € Ry, let DZ s denote the semi-spheroid with .7, (Py) being its base and the

other semi-axis being §. Let Df,s be defined similarly with the base being .7 (Qy).
Define Dy s := D/ U Df’(S U D?,a and denote by A1 the blowup transformation
fromx € Ds toX € Dy 5 with A ’DSf = A|Dsf'. Let V and V, B be similarly defined
as those in Lemma 3.2. Then for any W € H (curl; D), one has

/ vg x V- W(X) doz = 5—1/ vg x V- W(X) dos, (3.19)

aD s D s

/ vz x V- W(X) doz = 5—2/ vg x V-W®X)doz ¢ € {a, b}, (3.20)
aD¢ aD¢

where W(X) := (BT)"!'W(x).

Proof. The proof follows directly from (3.17), (3.18) by using a change of variables
in the corresponding integrals. O

Lemma 3.4. Suppose a(X) = a(x) forx € 0DsandX € dD. Let 15 (x) and 1} s (X),
t = 1/2 or 1, be two regions respectively defined by

) 1= {y|lm =20 < 8"y € D5}
s (R) = {y z: — 5] < 8§ € aD} .
Define
a) f1emy o ~ o
/\/lsf\m[a](x) =PpV. Vg X Vg X /Sf\tml/z(i) Go (25 — 25)a(y) doy,
and
K(X,¥)

o 1 -
M; [a]lX) :=p.v. — 4—v,~( X / x a(y) doy,
T N

i@ K& DI
where

kX, y) =X—y+ (1/6 — 1)(zz — z3).
Then there holds the following result:

D, [al(x) = 5M°Suf\m[ﬁ](i) + Ms.clal(X) + Z1(lallrg-12¢5p))» (3.21)
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where the remainder term %, (||ﬁ||TH71/z(3D)) satisfies
lim 121 (1l g1 p)) 1/ @@l gy -12ap)) = 0. (322)
Define
Dy (%) 1= vx x Vx x Vx x Sp [a](x),
then there holds

o 1 o -
%5 [a](x) = 8£6‘;}'f\m[a](X) + EAS,c[a](X) + %2(”3”"[1{*1/2(3[)))’ (3.23)

where

Go(zz — 25)a(y) doy,

[a](x) :=vg X Vg, x Vg, X /

w
Sf\LI,BI/Z(i) S\ 5172()

and

1 (K(i, Ve, T
crups @ e DI Il (X, ¥)1I12

and the remainder term %’2(I|ﬁ||TH_1/z(3D)) satisfies (3.22).

e 1 s
As c[a](xX) = o R /S - 1) a(y) doy,

Proof. We shall follow the similar strategy of Lemma 4.2 in [9]. Let x € 9 Ds and
we separate d D® into four different regions:

dDs = (3Ds\t512()) U ((S§ U S N 15(x)) U (S N5 ()) U (1512 (0\t5(x)).

We consider y € dD? in those four different regions, respectively. We compute

%5[3](7() = vx X Vx X /

ID{\;;12®)

+ vx x Vg X / _ Gy(x—ya(y)doy
SC

5N (X)

Gy(x —ya(y) doy

+ vy X Vg X / - Guy(x—ya(y)doy
S

/N ®)
+ vy X Vg X / Gyo(x —y)a(y)doy
ts172 X)Nes (X)

=hL+DL+15+ 14

In the following, we shall estimate 1, I>, I3 and 14 separately. For X, y € d Ds, one
has

X—y=&—2z)— (y—2y) + 2 —2y = 5(X —zg) — (¥ — z3)) + (zz — Z3).

Hence, we have the following expansion fory € 3D§ \ts1/2(X),

- - Z; — 75
Ix =yl = llzg — 23]l + 8{(X — 25) — F — 25), ————) + O(?).
lzz — z5ll
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Similarly,
(X -y VX) - (Z)E - Zyv VX) + 8((5i - Z)Z) - (y - Z&)» VX),

- - Z; — 13
Ix—yl™" = llze — 257" = §(R — 22) — G — 25). —————=) + O@*?),
llzz — z5l

, . Z- — 7
P@lIX=yIl — piolz—z] (1 +iwd(& —z;) — § — 23), #)) + O,
lzz — z5|

With those expansions to hand, we proceed to compute fory € 3D§ \ts1/2(X),

— y)eielx—yl 1
ViGo(x—y) = X3¢ ( _ iw)
Ix—yl

4r||x — y||?
z- — 7:)e@lzE =25l 1
:(x )) 5 ( —ia))+(’)(6)
4r||zz — z3| lzz — z5l

= V. Go(zz — 23) + O(9).

By using vector calculus identities, one has

I = / VxGo(x = y)vx - a(y) doy
dDj \tz1/2(X)

/aD{ \i12®)

= 8/ VziGw(Zg — Zy)v,} . ﬁ(y) da;
ST\ 5172(R)

vx - VxGy(x —y)a(y) day

— 8/ Vg - Vi G (27 — 23)a(y) doy + (9(82||€1||TH—1/2(3D))
S\ 512

=M, —[3](X) + O |allpg-1725 py)-

w
ST\ 5172
Next, note that if y € S5 N 15(x), ¢ € {a, b}, then

(x—y,v) &=+ (1/8 — D@z —25), v)
Ix—yl IR+ (/56— Dz —z)]

k]

and therefore

b= [ Gu-yumamdo, - [ G- yaw o,
S¢M ®) S¢N ®)

§

__L/ X—§+(1/8 = D(zz —z5) b - A(§) dos
T i S R—§+ (/6 — Dz —zpp ¥ VD
1 G S UL S N F

A Jsenm® 1K=+ (1/8 — D2z —z9)|
= M; ([a]1(R)
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By using exactly the same strategy in Lemma 4.2 in [9], one can show that /3 and
14 can be absorbed into the remainder term 22 (||ally-1/2; ) )-
To prove (3.23), we first note that

Vx X Vx x S [al(X) = 0>S$, [al(x) + VxVx - Sp, [a](x). (3.24)

By using a similar analysis to these above for the two terms in the RHS of (3.24),
one can show (3.23).
The proof is complete. O

3.2. Asymptotic Expansions

In order to tackle the integral equation (2.9), we first derive some crucial as-
ymptotic expansions. Henceforth, we denote a(y) := a(y) fory = A(y),y € Ds
and § € 0D. The same notation shall be adopted for x and X.

For x € R3\ Dy with sufficiently large ||x||, we can expand Es — E’ from (2.7)
in z € I'g as follows:

(Es —EN(X) = V x S§,[alx0) = V x /8 | Golx—y)ado,

=Vx / Gy(x —1zy)a(y)doy, — V x / VGu(x —1zy) - (y — zy)a(y) doy
dD;s dDs

+V x - (v —2))" V2Go(x — C(M)(y — zy)a(y) doy,
s
= R{ + Ry + Rs, (3.25)

where ¢(y) = ny + (1 — n)z, € D; for some € (0, 1), and the superscript 7
signifies the matrix transpose. We next estimate the three terms Rj, Ry and R3 in
(3.25). The term R3 in (3.25) is a remainder term from the Taylor series expansion
and it verifies the following estimate:

IRl = 82|V x |G =27 V2Gu(x = LG — 25)a(y) do |

aDs LOO(S2)3

< C53L

= x|l “ﬁ”TH_l/z(BD)' (3.26)

In the sequel, we shall need the expansion of the incident plane wave E’ in z € T,
and there holds

E'(y) =E'(z,) + VE (z,) - (y —2,) + > 0B (z,)(y —z,)*  (327)
|oe|=2

where the multi-index & = (1, 02, @3) and 9y = dy) 0370y withy = (y1, y2, y3).

Since for y € 0 Djs, vy = vy, one further has that

o
vy X E (y) = vy X Z S“B;Ei(z),)(y —z5)”.
lor|=0
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In what follows, we define
- +
BF) = d(y) = vy x Es(y)| . (3.28)
dDs
Theorem 3.2. Let Es be the solution to (1.14), then there holds for x € R3 \5,

/Sf Go(x—23)a(§) do = —2/Sf Go(x—125) ) doy+OG (| P lgg-112(5 py+1))-

(3.29)
If one assumes that ®(y) = 0, y € dDj, then there holds for x € R3\D,

(Es — EN(x) = 26%V x (// Go(x —z;)vy x (VE (z5)(§ — z)) doy
S.
+/ Go(x — z;)vy x E'(z7) doy
saush i
— /S (VGu(x—=125) - (3 = 2))v5 x E'(2)(®) dO’y) +0(8Y).

Proof. Recall that —% + MQD)(; is invertible on TH;ii/z(a Ds) (see, example [18]).

By (2.9), we see that

I - N
a(x) = (—5 +ML10)5) |:Vy x (Es — Et)(Y)‘aDJ (x).

Using the results in Lemma 3.4, the invertibility of —% + M e on TH;ii/ 2(SC) (the

invertibility can be shown by following a complete similar argument to the proof of
Theorem 4.2 in [9], along with the use of Proposition 4.7 in [2]), and the expansion

of E! in (3.27), we have for x € S{\tl,g(Po) U t1,5(Qp) that

a(%) = —20X) + 2vx x E'(2) + OGPl py-112(9py + D), (3.30)
and forx € Saf N (t1,56(P1) Utr,s(Qo)) we have
a(X) = —20X) + O Pl 125 p) + D- (3.31)

Noting that

2 .
G,(x — z;)/ vy d x E'(z3)dr =0,
0
(3.32)

/ Go(x — ;) (vy x E'(z5)) doj = /
YA

Lo

where (r, ¥) stand for the polar coordinates, and this together with (3.30) and (3.31)
readily implies (3.29).

Next, if ®(y) = ®(y) = 0, then it can be seen from (3.21), (3.30) and (3.31)
that

||5||TH_3/2(8D) § C,
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where C is a positive constant depending only on D and w. By using our earlier
results in (3.25) and (3.26), one can first show that

58 [alx) = / G (x — ya(y) do, / Go(x — 2,)a(y) doy
dDg dDs
- /d (VGyx=2,)- (y ~ 2)a) doy + O
]
= 8/ Go(x —z5)a(y)doy + 82 (/ G, (x —z5)a(y) doy
N saysb
- /Sf (VGo(x —2z5) - (F — 25))A(F) da;) + O83). (3.33)
By using (3.30) we have fory € S{ that

a(§) = 2vy x E'(z) + 28v5 x (VE (z;)(§ — 7)) + O(87). (3.34)

Substituting (3.34) into (3.33) and using (3.32) one can easily obtain
Sgs [a](x) = 287 (/sf Gu(X —zy)vy X (VEi (z5) (¥ — z):)) doy
+/ Go(x — z;)vy x E'(z7) doy

saush i

- /S ,(VGolx —25) - G —29)vy x E'(2) @) do;) +0@Y),
which then completes the proof by using (2.7). 0O

We continue with the estimates of Ry and R; in (3.25) for the proposed full-
cloaking structure with arbitrary but regular ¢,, 11, and o, in Ds/2. In what follows,
we let C denote a generic positive constant. It may change from one inequality to an-
other inequality in our estimates. Moreover, it may depend on different parameters,
but it does not depend on &g, j44, 0, and p, d, X.

We first note that, by using (3.30) and (3.31), there holds

”ﬁ”TH*I/Z(BD) g C(”é”TH*l/Z(aD) +1). (3.35)

Next, by taking expansion around z € I'p and using (3.29) one can show that for
8 € Ry sufficiently small and ||x|| sufficiently large,

IR = |9 x [ Gutx =z do |
dD;

§8HVX/f Go(x — 23)a(§) dog | + €52 X ” L algor2m)
S

§C8HV x/ Gw(x—z§)d~>(y)da}~,H +cs? (||c1>||TH ap + 1)
YA

<C ||CD||TH 125y + cs? (||<1>||TH 12¢9p) + 1). (3.36)
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By using Taylor’s expansions again and (3.30), one can show the following esti-
mation for Ry:

IRl = |V x / VGo(x —2,) (y — 2,)a(y) do
dDs

<cs? = ||(||c1>||TH 2 + 1)+ €8 o

Hence, by applying the estimates in (3.26), (3.36) and (3.37) to (3.25), we have

L Blygzp + D (37)

”ES El” < CWHCDHTH 1281y +C5 ]

for || x| sufficiently large. With (3.38) at hand, one readily has

(||(D”TH_'/2(3D) +1) (3.38)

Lemma 3.5. The scattering amplitude A° %o (X; p, d) corresponding to the scattering
configuration described in Theorem 3.1 sansﬁes

AL s p. )| < COIPlp-125r) + COUPlpy-120p) + 1y (3.39)

where C depends only on D and w.

3.3. Proof of Theorem 3.1

By Lemma 3.5, it is straightforward to see that in order to derive the estimate of
the scattering amplitude A‘Soo, it suffices for us to derive the corresponding estimates
of || &)“TH—I/Z(Sf) and || CT)||TH71/2(3D). To that end, we shall need the following
lemma, whose proof can be found in [7].

Lemma 3.6. Let Br be a central ball of radius R such that Ds € Bpg. Then the
solutions Es, Hs € Hj,(curl; R3) to (1.14) verify

/ . o/Es -E(g dX—l—/ o.Es -E_(st
D;s\Ds > Ds/2

:/ (vxﬁ).(uxvxﬂg)daXMi/ v xE)-(vxvxH)| doy
3Bg D5 +

9 (uxﬁ)‘ (v x v x H)do,. (3.40)
dDg +

Remark 3.3. It is remarked that the last two terms in the RHS of (3.40) in [7] were
m/ (vxﬁ).(vxva;)daerm/ v xE) - (v x v x H)do,.
dBRr dBR

Here, we modify the two terms for the convenience of the present study.

Define a boundary operator A such that

—1/2 1/2

A x Eslypg) =v x Hslgp, : THy,' (0Br) — THy, " (dBg).  (3.41)
It is well-known that A is a bounded operator in THdl‘ll/z(&BR) (cf. [10,31]). By

using Lemma 3.6, one can show:
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Lemma 3.7. Let Es and H; be solutions to the system (1.14), where Dy is the virtual
domain described at the beginning of this section, then we have

249x <csl—t +12 .
/D;;/\Da/z IEs||“dx =C6 (||v x E{ ”TH(;\I/Z(BBR) + SHaHTH*‘/z(aD))’ (3.42)

and

E 2dX§C82_t<l)XE+2_ Sllal| - ),ce a, b},
/I)g\Da/z ” 8” = ” 5 ”TH ]/2(3BR) + ” ”TH 1723 D) { }

div

(3.43)

where the constant C depends only on D, w and R.

Proof. First, by (3.40) and the fact that A is bounded in TH\/*(3 Bg), there holds

oEs - Esdx S ClvxEf |2 1 + Ry +Ry,
/D(;\Da/z 8 THdiv (9BR)

where by using (2.8) and (3.23) one further has

R; =

m/ (vxﬁ)-(vxva;')‘ do,
9Ds +

=)m/ E(vxﬁg)‘ do,
9Ds +

IN

< / B (z5) - As o []R) dos
w !l Jgaysb

+ C8lall 125 py

and by using (3.21),

Rzz‘m (vxﬁ)‘ ~(uxvai)d0x S}i/ ﬁ‘ -(vai)dcrx
9D + 9Ds +

2~
§ Cé ||a||TH—1/2(8D).

Combining those with (3.9), (3.11), together with the use of the definition of ¢; in
(3.7), we can complete the proof. O

It is remarked that in the estimate (3.43), the dependence on the artificial R of
the generic constant C can obviously be a}bsorbed into the dezpendence on D.

In what follows, we shall estimate 1Pl r-1/257) and Pl g-1/2(sauspy SEPA-
rately. Clearly, it suffices to estimate || D || H-172(5/)3 and || D|| H-1/2(saugh)3 > Tespec-
tively. We recall that the H ~1/2(9 D)3-norm of the function d~>(i) is defined as
follows:

D1l gr-1/2(3py3 = sup ‘/&w () - P(X) dog|. (3.44)

el y125p)3<1

We refer to [1,26,35] for more relevant discussions on the Sobolev spaces. To
proceed, we first present the following important auxiliary Sobolev extension result:
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Lemma 3.8. (Lemma 3.4 in [7]) Suppose D is a simply connected domain with
a CY-smooth boundary dD. Then for any ¥ € H'/?(dD)3, there exists W €
H?(D)3 such that

vxW=0 on 9D,

VX (WX (VxW)=vx((vxy) on dD,
Wl 2 pyp < ClY 120y

W=0 in Dip,

where C is a constant depending only on D.

We proceed with the proof of Theorem 3.1.

Lemma 3.9. Let ® be defined in (3.28), where (Es, Hs) are the solutions to (1.14)
with the corresponding es, L5 and os given by (3.7). Then there hold

1D lp-1/2(50) < €8~ P IEs 120y Dy )3 (3.45)

and
1Dl rp-12¢50) < C8 | Bsll 2 (py\py s € € La, b, (3.46)
where B = min{l, —1+r+s, —1+t+s}and B/ = min{l, —2+r+s, =2+t +s}.

Proof. It suffices to show that the same estimates in (3.45) and (3.46) hold for
|D(X) l 5-12¢s¢)3, ¢ € {f, a, b}. First, we let Dy s be the region defined in Lemma
3.3. For any test function v € H 12 D1,5)3, we introduce an auxiliary function
W e H?(D.s)* which fulfils the conditions in Lemma 3.8. Let ®1(X) be defined
by

o®®), xes/,

D1 (X) := - —
1®) [vng,ieaDl,(g\Sf.

It then follows from the properties of W that

/ &%) - (&) dos = —/ W x Es) - (v x (v x ) dog
3D1‘3

aDy 5

=—/ Es - (v x (V x W))doy.
dD1 5

From its construction, it is readily seen that v x W|yp, ; = 0. Define

o —

Curl W := BT)"'(V x W), CurlEs := BT)"1(V x Ey). (3.47)
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By using (3.12), (3.16), (3.19) and integration by parts, one has

/ d®) - ¥(®) doy = —5—1/ s - (v x cTer) do
aD1 s D5
S / Es - (v X C/url\W) do; — W (v X Curllil‘;)da);
dD1 s Dy 5

=51 (/D“s w- (v x mg)di - ./z.m Es - (v x m))di)

- 5—1/ w. (v x Curlﬁg)di - 5/ s - (v X (V x W))di.
Dys\D1/2,/2 Dy 5\D12,5/2
(3.48)

For x € Ds\ Ds 2, there holds
V, x Bs = iojHs, Vy x Hy = —ia)(s; + iﬂ)Eg. (3.49)
w

By using change of variables and (3.16) in Lemma 3.2, one can derive from (3.49)
that

BB !V; x By = iwjyH;, [BIB~'Vg x Hs = —ia)(él n iﬂ)ES,
w

which holds in D\El 2. By combining (3.7), (3.15) and (3.47), one can further
show that in D\E]/z,

—

x 1\ ~
V x Curl E5 = o? (3’“ + i5’+S—) E;. (3.50)
w
Thus by plugging (3.50) into (3.48) one has

W - E; dx

o 1
/ d(X) - ¥ (%) dox =2 (IS s 2
dDy s w Dl.a\le/m/z

—5/ E(g-(VX(VXW))di,
Dl,B\le/z,a/z

which in combination with the fact that

E =8_1 E Dsn)3s
1Bl o7 = & sy

immediately yields that

)/SD &)(i) - ¥ (%) dog S C(Sﬁ”E‘s”LZ(Dl,(S\Dl/z,a/z)3 ||W||H2(Dl,5\Dl/2.6/2)3
1,6

-1
< C5PIBs 2y B3 W 20y B
(3.51)
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where B = min{l, —1 +r + s, —1 + ¢ + s}. By using Lemma 3.8, the definition
(3.44) and the fact that

”VV”1’1’2(D1‘5\D1/2,5/2)3 S CllYIla12@D, 53
one readily has from (3.51) that
1Dl 12553 S I@NE-17200, 570 S C8 P IES | 12y 03+

which proves (3.45).

Next, we proceed to the proof of (3.46). In the sequel, we let B¢ be a ball of
radius » € R4 centred at Py and Bf be a ball of radius r and centred at Q. For
¢ € {a, b}, we set S¢ = 9BC. In what follows, we drop the dependence on r if
r = 1. Moreover, in order to simplify the exposition and without loss of generality,
we assume that B¢ C D. Then by using exactly the same strategy as in the first
part of the current proof, with D 5 replaced by the ball B¢, along with the use of
(3.20), one can show that for ¢ € {a, b},

JRERZTr

:5—2/ W (VXCurlﬁa)di—a/ Eg-(VX Y xW))df(,
BB, BB,

which together with (3.50) and the fact

Vsl 2 ey = 02 IEsll 2o By € € 1 D),

readily yields that
\ /S O® YR dog| SC5TVHNES | 12, 7y IW g2 ey
where ' = min{l, =2 + r + s, —2 + ¢ + s}. By using the fact that
IWl2gegeop < ClV lmeges. © = la.b),
one readily has

1Dl 12050y S NPl 1250y < C8HPIEs N p212(pp\ 5372+

which proves (3.45).
The proof is complete. 0O

Proof of Theorem 3.1. It is straightforward to see from (3.39) that we only need
to derive the estimates of ||(D||TH—1/2(Sf) and ||CI>||TH71/2(3D). To that end, we have
by using (2.7), (3.13), (3.29) and (3.35) that

IV % B =125, = Cllv X V x S [a]]

|TH(;i/2(aBR)
~ 2~
< C‘S”a”TH*l/Z(sf) +Cé ||a||TH*l/2(3D)

S C8||@llpy-112¢5r) + CE U Rllpy-129py + D (3.52)
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Next, by combining (3.52), (3.35), (3.42), (3.43), (3.45) and (3.46), together with
the use of the facts that both A and A~ are bounded, and 8’ < B (see Lemma 3.9),
one can further deduce that

1 pp-120) < €8~ P IEs Il 20y Dy 3 + C8 2 I Esll 20 Dy )3

< C8*3/2+5,“/2*t/2(||v % BT |2
= 8 tH,? (0BR)

_ 1/2
+ OGlaly-121))
< 8PN B 1251y + 81 lp-11209 ) + 87)

B —1/2—1/2 1 & 1/2
+Cs P12 + -

which in turn yields (noting that 8’ — /2 = 1/2)

172

< PR s

1Dl p-17205 ) +1).
Hence one has

1D llpgg-1/2¢5p) S COF 112712, (3.53)

It is remarked that in (3.53), the generic constant obviously depends on R, but as
was remarked earlier that such a dependence can be absorbed into the dependence
on D. Next, by using (3.45) and (3.53), there holds

1@ lrgg-1255) S €8~ P IBsll L2 Dy py s

< C871+ﬂ+1/27t/2(”v < Egrnz i
THy,,/“ (9 Bg)

< s BT Dl 12y + 87 + CSP T,

) 1/2
+ O(SHaHTH*l/Z(aD)))

and thus
1D lppy-1/2(5r) < COP112. (3.54)

By plugging (3.53) and (3.54) into (3.39), one finally has (3.8).
The proof is complete.

4. Regularized Partial-cloaking of EM Waves

In this section, we consider the regularized partial-cloaking of EM waves by
taking the generating set I to be a flat subset on a plane in R3. In order to ease
our exposition, we stick our subsequent study to a specific example considered in
[9,25] for the partial-cloaking of acoustic waves, where I'g is taken to be a square
onPp := {x = (x1,x2,x3) € R3:x3 = 0}. The virtual domain is constructed as
follows; see Fig. 2 for a schematic illustration. Let n € S? be the unit normal vector
to I'p. Let

D2:=F0(x)x[x—t~n,x+r~n], xely, 057<g, 4.1)
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where we identify I'g with its parametric representation ['g(x). We denote by D(}

the union of the four side half-cylinders and Dg the union of the four corner quarter-
balls in Fig. 2. Let
. no 1 2
Dy :=D,UD,UD;. 4.2)

Set S; and S§ to denote
1._ 1 2. 2
S, ==0DgNdD,, S;:=0DyNIDy,
and
f._ pl 2
Dy =D, U Dy.
The upper and lower-surfaces of D, are respectively denoted by
F(} ={x+¢g-n; x ey} and Fg ={x—¢g-n; x e}

Define Sg =T ; U Fg. We then have d D, = Sg us (} U S;. Similar to our notations in
Section 3, we let 6 € R denote the asymptotically small regularization parameter
and Dj be the virtual domain. Clearly, we have
D5 = Sy U S} U S32. (4.3)
In what follows, if ¢ = 1, we drop the dependence on g of Dy, Sg, S(} and Sg, and
simply write them as D, S°, ', and 2. In concluding the description of the virtual
domain for the partial-cloaking construction, we would like to emphasize that our
subsequent study can be easily extended to a much more general case where the
generating set I'g can be a bounded subset on a plane with a convex and piecewise
smooth boundary (in the topology induced from the plane).
We introduce a blowup transformation A which maps Ds to D exactly as that
in [25]. We stress that in Dg the blow-up transformation takes the following form

- e3esT T T 0
Ay) =y = —5 Teep tee )y, ye Dy.

where y € Dg and § € DY, and the three Euclidean unit vectors are as follows
e =(1,0,07, e=(0,1,00", e=(0,0,1)".
We are now in position to introduce the lossy layer for our partial-cloaking device:

es(x) = &/(x) :=8"|BB™!, ps(x) = p(x) = 8BB~L, 4.4)
05(x) = 0y(x) := §'|BB~!, for x € Ds\Ds)2, :
where B(x) := VxA(X) is the Jacobian matrix of the blowup transformation A. It
is obvious that

esef T T . 0
B= T +eje; +exe;, in Dy, 4.5)
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Fig. 2. Schematic illustration of the domain Dy for the regularized partial-cloak

is a constant matrix and
n . 0
Bn = 3 Be; =e;, Bex =e; in Djy. 4.6)
Thus one has
Bl =1/8, in DJ.

Furthermore, for x € Dg, one can show by direct calculations that (3.10) and (3.11)
are also valid for the B defined above.

We are now in a position to present the main theorem of this section in quanti-
fying our partial-cloaking construction.

Theorem 4.1. Let Ds be defined in (4.2) with its boundary given by (4.3). Let
(Es, Hy) be the pair of solutions to (1.14) with {S2; s, s, o5} C {R3; €5, s, o5}
defined in (1.3) and {Da\ﬁa/z; &s, s, 05} given in (4.4). Let A‘éo(f(; p, d) be the
scattering amplitude of Es. Define

ﬂj:min{lv_j+r+s’_j+t+s}9 j=071’27
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and for e € Ry withe < 1,
T, ={peS [pxn| e}, Ty={deS* |d-n|<e) 4.7)

Ifr, s and t are chosen such that By — t/2 = 3/2, then there exists 8y € Ry such
that when § < &,

|AS % p, )| SC(e+8), peX, deZX,; %eS, (4.8)

where C is a positive constant depending on w and D, but independent of €4, [La,
o, and X, p, d.

Remark 4.1. Similar to Remark 3.1, one readily has from Theorems 1.1 and 4.1
that the push-forwarded structure in (1.2) produces an approximate partial-cloaking
device which is capable of nearly cloaking an arbitrary EM content. As an illustra-
tive example, one can take r = 0, s = 7/2 and t = —1 in Theorem 4.1 to achieve
an approximate partial-cloak.

Remark 4.2. Since p - d = 0 (cf. (1.7)), one has
(d-np=dx (pxn), 4.9)

from which one can infer that the definition of X; in (4.7) is redundant. However,
we specified it for clarity and definiteness.

4.1. Auxiliary Lemmas and Asymptotic Expansions

We shall follow a similar strategy of the proof for Theorem 3.1 in proving
Theorem 4.1. In what follows, we adopt similar notations as those in Section 3. If
we let z denote the space variable on I'g, then for any y € 9 D,, we define z,, to be
the projection of y onto I'g. We also define a(§) := a(y) and § := A(y) € D for
y € 53.

The following lemma is a counterpart to Lemma 3.4 in Section 3.

Lemma 4.1. Let Ds be described in (4.2) and (4.3). Let 15(X), t1 s (X) be two regions
defined similarly as those in Lemma 3.4. Set

KX, ¥) :=X—§+ (/8 — D)(zz — z3).

Define
w a1 -— - ~ —7)a(v ~
So\m[a](x) I=DPp.V. Vg X Vg X /SO\Ll = Gy(zz —zy)a(y)doy, (4.10)
and

K(X,¥)

1
M;solalX) :=pv. — —g x/ b
4 7 Jenn® k& IR

x a(y) doy.
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Define

E‘BS [a]l(x) := vx x Vi x Vg X 81‘35 [a](x),

[a](x) :=vg X Vg, x Vg, x/ G, (zz — z7)a(y) doy,

L
S0\ 5(X) SO\t1,5(X)

1
As2[a](x) = ~ 1. %

1 kX, k&, )T ) o
-1 doy.
: /Szm.mi) [l X, 913 ( kX, §)]I2 a(y) doy

Then one has

518100 = MY, — S[B1R) + Mo2[818) + OGlllyg12p). (G11)

SO\

and

1
Dyal(x) = L aj(x) + gAs,z[ﬁ](i) + OGlaly-12p))-  (4.12)

So\ll,s(i)[

Proof. By following a similar argument to that in the proof of Lemma 3.4, one can
compute fory € (Sg U Sal)\tg (x) that

Ix =yl = lIx — zx — (¥ — 2y) +2¢ — 2y|| = l|lzz — z5]| + O(),
and
(X =y, vx) = (2 — 2y, 05) + 0©), NV =l 1 0).
One also notes that fory € Sg N s (x)
Ix =yl =8Ik =3I, ¥ =14 0.

By using the above facts, the proof can then be completed by using the similar
expansion method as that in the proof of Lemma 3.4. 0O

Next, by straightforward calculations, one can show that for Ds described in
(4.2) and (4.3), there holds the following far-field expansion for x € R3\Ds,

Splal0 = [ Gulx - vawido, = [ Guolx~ z5)i)do;
dDs S0
+ 8/ Go(x —z5)a(y)doy + 6 /0 (¥ —z3) - VG (x — z5)a(y)doy
st N
+ O (81X~ Nl 1201))- (4.13)

With the above expansion, we can show the following theorem.
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Theorem 4.2. Let Es be the solution to (1.14) with Dg described in (4.2) and (4.3).
- + _
Define ®(y) := ®(y) = vy x Es (y)’BD , then there holds for x € R3\ D
0}

(E; —EN(x) = /F Go(x — z5)Mn x E' (2)](z3) doy
0

+0 (IXI7" (19 lrg-r2s0) + 80U B2y + D))

(4.14)
where
I - I -
with ./\/l‘li’0 defined by
‘li’o[®(z)](z);) =N XV, X / Go(zz — 25)O(z5) doy,. (4.16)
To

Proof. We first recall that the solution to (1.14) can be represented by (2.7) and
(2.8), where the density function a satisfies (2.9). Next, by using the fact that

I
=5 MG s THT2(8%) — TH!2(s%)
is invertible (as mentioned in the proof of Theorem 3.2, the invertibility can be
shown by following a complete similar argument to the proof of Theorem 4.2 in

[9], along with the use of Proposit_ion 4.7 in [2]), and using (2.9), (4.11), together
with the use of the expansion of E' in z, one has, by direct calculations, that

i = (— 5+ Mp) " [y < E @+ 3] @)+ 06Udknr-2p) + 1)
= (- % + Mg’o)_l [»xE®]®
+0 (19 lgy-12¢s0) + 80Dl + 1) (4.17)
forally € SO U S'. Here, it is noted that for y € rt, (¥ —2n) € I'2, we define

V(§) :==a@F —2n) fory € I'" and ¥ (§) := a(§ + 2n) for y € I'2. By using the
fact that

Vy_opy = —Vy = —N for y e r!,
and the definition in (4.10), one obtains (assuming for a while that X € 59)
~ o~ o~ I w -1 i ~
a§-2m =¥ = (3 + M) [nxE@)]®

+ O (1% (I1Blr-1s0) + 8UP N2y + 1) )
(4.18)
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for all y_e rt. By inserting (4.17) and (4.18) into (4.13), one then has that for
X € R3\D,

St 1al09 = [ | Gotx =250 dag + O (X1~ (50123 + 1))
- /Fl Go(x = 25) 3@ + 7 @) dog + O (Ix1 ™" (5UPNpy-12p) + 1))
= / Go(x —2z5)M[n x E' 2)]() do;
r!
+ O (IXI™" (Il 17250, + 8UPl =125y + D))

where M is defined by
. I ! I !

Since the function ®(z) := n x E!(z) depends only on z € Iy, and hence by the
definition in (4.16), one readily verifies that

1 A
#,10)@) = MOz +n). KeT,

for (:)(57) =nxE (z3),y € SO. Therefore, we can replace the operator M in 4.19)
to be

It -1 I ~1
M= (_Z + M?o) cf‘)o (Z + M(f‘)o) ’
and the proof is complete. O

By using Theorem 4.2, we next consider a particular case by assuming that
® = 0. Physically speaking, this corresponds to the case that Ds is a so-called
perfectly electric conductor. The result in the next theorem already partly reveals
the partial-cloaking effect.

Theorem 4.3. Let Ds be as described in (4.2) and (4.3). Consider the following
scattering problem

VxE} —iwH) =0 in R3\Ds,
VxH) +iwE) =0 in R*\Ds, (4.20)
vxE§’|+=0 on 0Dsg,

subject to the Silver—Miiller radiation condition:

| l‘im Ix||((H) —H') x % — (Ef —E")) = 0. 4.21)
X|—> 00
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Let E‘go (%; E') be the corresponding scattering amplitude to (4.20)—(4.21). Then
there holds

S A i 1 —io¥ "4 Z " (X)Yl (z})|zy| .
”Eoo(x; E)+ —/ e ot Min x E (z)](z;) o,
27‘[ Ty y

= Cé,

4.22)

where M is defined in (4.15) and C depends only on w and D. Furthermore, if there
holds
Imxpll=e e<1, (4.23)

then for sufficient small § € R, one has
IE2,(%: ED[| £ C(e + ), (4.24)
where C depends only on w and D.

Proof. We start with the following addition formula (see, example, [33]),

m

m vmer 50 4
Z Z I IY" (&, 0)Y"(E, D) e (4.25)

n=0m=—n

IIX—yll

where (¢, &, 9) and (¢/, &', ©') are the spherical coordinates of x and y, respectively;
and Y, is the spherical harmonic function of degree n and order m. For simplicity,
the parameters (¢, &, 9) and (¢’, &', ©') shall be replaced by (||x||, X) and (||y]l, ¥),
respectively. It then follows by (4.25) that

1
4
nx—w=nw(1—§5}ij)r%wF%)+oww”» (4.26)

m=—1
The solution Ef; in (4.20) and (4.21) can be represented by
E =E' + A9 [a] in R*\Dj,
with a satisfying
1 .
(=3 +M3, )l = —vy x E'@). y e aDs.

Then one can easily derive from the expansion formula (4.14) with ® = 0 that

(Es —E)(x) = 2/ Go(x — 2)Mn x E (2)1(z5) doz; + O(Ix| '), x € R*\D;,
o ’
4.27)
where M is defined by (4.15). By combining (4.27) and (4.26), we then have

1
1 —i0% 3 YRV @)z .
& E) = “27 J: e m==1 Mi[n x E'(2)](z5) do;; + O(9),
= 3 3

(4.28)
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which readily proves (4.22). Next by the definition of M in (4.15), one can show
that

IM[n x E' @]l py-172ry) < Clin x EX@)llpg-12ry
where C depends only on I'g and w. This together with (4.28) further implies that
IE2,R: ED| £ ClIm x E' @)l ryy-172 (1) + ) (4.29)

Finally, by inserting the condition (4.23) into (4.29) and direct calculations, one
can easily show (4.24).
The proof is complete. O

4.2. Proof of Theorem 4.1

In this section, we present the proof of Theorem 4.1, which follows a simi-
lar spirit to that of Theorems 3.1 and 4.3. The major idea is to control the norm
| lra-1/25 D) which was taken to be identically zero in Theorem 4.3. Before this,
we present two auxiliary lemmas.

Lemma 4.2. Let D/, j =0, 1,2 be defined at the beginning of this section. Let
D{’ s J = 0,1 be constructed similarly as those in Lemma 3.3. Let V, W and V,

W be defined similarly as those in Lemma 3.2. Then one has

/_<wme»w&m@=aﬁ/_(wmeyW&m@,j=aL
i, a1,

/ (g x V(X)) - W(X) do; = 5—2/ (v x V(X)) - W(X) dos.
aD? aD?

Proof. The proof follows directly from (3.17), (3.18) by using change of variables
in the corresponding integrals. O

Lemma 4.3. Let (Es, Hs) be the pair of solutions to (1.14) with {2; es, s, 05} C

{R3; &s, s, 05} defined in (1.3) and {D3\53/2; &s, s, 05} given in (4.4). Then
there hold the following estimates for j =0, 1, 2,

., E 2dXSC5'j_[(VXE+2_ + |la||lppy—1/2 + dlja 172, )
/Dg\Dg/z IEs || = I s ”THdii/z(BBR) l ”TH /(SO) I ”TH /(JD)

where the constant C depends only on R and w.

Proof. We first note that (3.40) still holds for the scattering problem described in
the present lemma. Then one has

/ _ oEs -Esdx £ Cllv x E;uTHfl/z(BBR)nA(u X E;)nmfl/z(wm
DS\DB/Z div div

+ Ry + Ry,
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where by using (2.8) and (4.12) one further has

Ry

‘SR (vxﬁ)~(vxva§")‘ doy
9Ds +

m/ E-(va;’)‘ do,
9Ds +

[IA

1 —
ol [ B cqtai do;
w! Jgo

+ O(SHﬁHTH—l/z(aD))y
and by using (4.11),

R, =

m/ (uxﬁ)‘ (v x v x H) do,
9Ds +

:‘w/ ﬁ) (v x H') do,
9Ds +

<) /S MGAI® - H 7 dog | + Ol 12 py)-

Combining the above estimates with (4.5), (4.6) and the definition of o7 in (4.4),
we can complete the proof. O

Proof of Theorem 4.1. First, by using (4.14) and (4.7) one obtains

1A%, K p, d)]| < C(e + 1P llpy-172(50) + SU PN py-1120 ) + 1)), (4.30)

where (%) = ®(x) := v x Eg’ (x) for x € dDs. The following estimate can be
+

obtained by using the result in Lemma 4.2 and a completely similar argument as

that in the proof of Lemma 3.9,

1D llgy-172(5) S C8IFVPHEINEg | 12\ =0, 1,2, (4.31)

where 8; = min{l, —j +r +s,—j +1t+s}, j =0, 1,2. On the other hand, by
using (4.17), Lemma 4.3 and (4.30), one has

/ o IEsPax < cs/"(ndﬂ@ml/z@o) +0PN 1y 43D
D3\Ds)2

+ ”&)”TH‘I/Z(SO) + (SH&DHTH—'/Z(BD)
+e+5), i=0,1,2.

Inserting (4.32) back into (4.31), one can show

1D lpgg-17255) §caﬁf—”2—f‘/2—1/2(||<i>||TH4/z(So) + 821 @l 125

1/2

1P 1250,

+s‘/2+5‘/2), i=0,1,2. (433

Noting that 8o < B; < Bo and By — t/2 = 3/2, one has for § € R, sufficiently
small that

~ i ~ = 1/2
HCDHTH*]/Z(BD) < csb—1/2 3/2(||<D||TH"/2(SO) + “CD”T{-I‘I/Z(SO) + el/2 + 81/2).
(4.34)
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Inserting (4.34) back into (4.33) (for j = 0), there holds

1/2

1@ pgg-17250) = ca/’f’*’/zf‘/z(n&>||TH71/2(SO) 1Py 50,

Lol ),
(4.35)
By B> — t/2 2 3/2, it is directly verified that 8y — /2 — 1/2 = 1 and hence

2(Bo—1/2) — 1= By —1/2. (4.36)
Using (4.35) and (4.36), one readily infers for 6 € R sufficiently small that
1Dl ppy-172(50)  CEPT2 +6). (4.37)
Now by inserting (4.37) into (4.34), one has

1D llg-1/2(yp) S CORTETRE2 4 612) < 071271 4 27D 1),
(4.38)
Finally by plugging (4.37) and (4.38) into (4.30), we arrive at (4.8).
The proof is complete. O
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