PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: October 14, 2016
REVISED: November 22, 2016
ACCEPTED: November 29, 2016
PUBLISHED: December 7, 2016

Holographic non-Gaussianities in general single-field
inflation

Hiroshi Isono,* Toshifumi Noumi,’¢ Gary Shiu,>? Sam S.C. Wong® and Siyi Zhou®
@ Department of Physics, Faculty of Science,
Chulalongkorn University, Bangkok 10330, Thailand

b Department of Physics and Jockey Club Institute for Advanced Study,
Hong Kong University of Science and Technology, Hong Kong

¢Department of Physics,

Kobe University, Kobe 657-8501, Japan
4 Department of Physics, University of Wisconsin-Madison,

Madison, WI 53706, U.S.A.

E-mail: hiroshi.isono81@gmail.com, tnoumi@phys.sci.kobe-u.ac. jp,
shiu@physics.wisc.edu, scswong@ust.hk, szhouahQconnect.ust.hk

ABSTRACT: We use holographic techniques to compute inflationary non-Gaussianities for
general single-field inflation, including models with a non-trivial sound speed. In this
holographic approach, the inflationary dynamics is captured by a relevant deformation
of the dual conformal field theory (CFT) in the UV, while the inflationary correlators
are computed by conformal perturbation theory. In this paper, we discuss the effects
of higher derivative operators, such as (09,¢0"¢)™, which are known to induce a non-
trivial sound speed and source potentially large non-Gaussianities. We compute the full
inflationary bispectra from the deformed CFT correlators. We also discuss the squeezed
limit of the bispectra from the viewpoint of operator product expansions. As is generic in
the holographic description of inflation, our power spectrum is blue tilted in the UV region.
We extend our bispectrum computation to the IR region by resumming the conformal
perturbations to all orders. We provide a self-consistent setup which reproduces a red
tilted power spectrum, as well as all possible bispectrum shapes in the slow-roll regime.
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1 Introduction

By now, there is overwhelming evidence for the celebrated AdS/CFT correspondence [1].
Given its vast successes, it is natural to wonder if there is a de Sitter counterpart. Despite
the lack of an explicit string theory construction of de Sitter space, an analysis of the
asymptotic symmetries along the lines of [1] suggests a similar duality between de Sitter
space and conformal field theory [2, 3]. The dS/CFT correspondence states that physics in
(d+1) dimensional de Sitter space dSg41 is dual to some conformal field theory CFT in d
dimensional Euclidean space, of which the geometry is a constant time slice of the de Sitter
spacetime. The isometry group of dS;y; matches with the conformal group of Euclidean
CFTy, which is SO(d + 1,1). This is the starting point of the conjectured relationship
between these two descriptions.

While the dS/CFT correspondence was originally introduced to discuss quantum na-
ture of gravity on de Sitter space, it has also shed some light on observational cosmology,
particularly in the context of cosmic inflation. An inflationary universe may be regarded as
a quasi-de Sitter space with an approximately (but not exactly) constant Hubble parameter
H. Since the time-translation invariance of de Sitter space corresponds to the scale invari-
ance of the dual CFT, the dS/CFT correspondence has to be extended to non-conformal
theories in order to capture inflationary dynamics in a holographic manner. Just as the
standard AdS/CFT correspondence, it was achieved, e.g. by performing relevant defor-
mations in the dS/CFT correspondence [4-27]. This extended relationship is sometimes
dubbed the inflation/deformed CFT correspondence.

In this holographic picture the expansion history of our universe may be identified
with the renormalization group (RG) flow of the field theory dual [4]. In particular the
universe is asymptotically de Sitter space at the future and past infinities, corresponding
to the UV and IR fixed points of the flow, with inflation in the interim (see figure 1).
The slow-roll property of inflation is translated to the smallness of the beta function of
the field theory dual. Based on this picture, inflationary correlation functions have been
computed for some inflationary models via the relevant deformation of the field theory
dual [8, 16, 19, 21, 24, 25]. It was also used to derive inflationary consistency relations
based on the broken conformal symmetry [16, 27].

In light of these developments, we would like to use holographic techniques to com-
pute inflationary non-Gaussianities for general single-field inflation [28]. Primordial non-
Gaussianities, which give a direct measurement of interactions during inflation, are one of
the most important probes of high energy physics in the early universe. While the level
of non-Gaussianities generated by single-field inflationary models with a canonical kinetic
term is suppressed by slow-roll parameters [6, 29], higher derivative interactions in the
generalized Lagrangians are known to source potentially large non-Gaussianities as well
as a non-trivial sound speed ¢; < 1 [28, 30, 31]. The inflationary bispectrum for general
single-field inflation has been computed directly on the inflation side long ago [28] (see [32]
for a less complete result that applies only to cases with ¢; ~ 1). It was shown that the
bispectrum is completely determined by five parameters: the usual slow-roll parameters
€,n, the sound speed c¢s and its rate of change s := ¢s/ (¢sH), and A which characterizes
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Figure 1. A sketch of the bulk and the dual CFT description of the cosmic evolution. From the
bulk perspective (right figure), the inflaton starts from the grey ball on the top of the potential and
rolls all the way down to the bottom of the potential. From the CFT perspective (left figure) such
an evolution is identified with an RG flow connecting two conformal fixed points.

the derivative interactions [28].! In this paper, as a first step, we compute the bispec-
trum of general single-field inflation along the line of conformal perturbation theory of the
CFT dual.

In order to carry out the conformal perturbation theory, we need to specify the reference
CFT. However, while a concrete realization of the dS/CFT correspondence was proposed
for Vasiliev’s higher spin gravity [12, 20], an explicit realization for Einstein gravity is
yet unknown. The holographic studies of inflation in the literature are therefore mainly
classified into the following three categories:

1. Specify a concrete model of the reference CFT and the RG flow, and investigate the
dual inflationary dynamics [14, 15].

2. Clarify model-independent properties of holographic inflation such as an expression
of the power spectrum in terms of the beta function of the dual QFT [16, 17, 19, 24],
and holographic derivation of consistency relations [16, 22, 26].

3. Specify the hypothetical reference CFT based on a concrete bulk model and the
dS/CFT correspondence (sometimes called the holographic CFT in the context of
AdS/CFT correspondence), and use conformal perturbation theory to compute in-
flationary spectra [9, 21, 23].

As we will see, the shape of the inflationary bispectrum depends on details of the CFT dual.
We therefore consider that the last approach is adequate to discuss how the bispectrum
shape of general single-field inflation is realized through the conformal perturbation theory.
Also, it will be a useful step for further understanding of primordial non-Gaussianities from
the holographic viewpoint. Based on these motivations, we employ the third approach

'Our parameter A was denoted by A in [28]. We use the capital letter A because A is reserved for
the anomalous conformal dimension of the deformation operator Op, which is one of the key parameters
appearing recurrently in this paper. See the next section for its definition.



in the above to compute the bispectrum of general single-field inflation. In particular
we reproduce the shape of the bispectrum dictated by the sound speed cg, albeit in a
perturbative manner order by order in 1 — cs.

The organization of the paper and main results of each section are as follows. In sec-
tion 2 we review basics of holographic inflation. In particular we introduce the holographic
dictionary between inflationary observables and correlators of the deformed CFT.

In section 3 we compute the inflationary bispectrum in a holographic way, using the
conformal perturbation theory around the UV fixed point. We first summarize general
features of holographic primordial spectra which do not depend on details of inflationary
models. In particular we derive consistency relations of bispectra based on the conformal
Ward identity, by extending the previous derivation at the lowest order of the conformal
perturbation [16]. We then compute the bispectrum of general single-field inflation at
the UV scale. Based on the third approach mentioned above, we specify the UV CFT
correlators by solving the Dirichlet boundary problem of the AdS model associated with
the dS dynamics of our interests. We also discuss why the bispectrum associated with
higher derivative interactions vanishes in the squeezed limit, from the viewpoint of operator
product expansion, which is a less model-sensitive argument based on conformal symmetry.

The inflationary spectra around the UV fixed point are known to be blue tilted. In
section 4, in order to reproduce a red tilted spectrum consistent with observation [33], we
extend our computation of the bispectrum to the IR region by taking into account the con-
formal perturbation at all orders. Under the approximation that the deformation operator
is nearly marginal and the derivative interactions are reasonably small, we compute the
leading contribution to the bispectrum at the IR scale and explicitly perform the resum-
mation over the deformation parameter. We reproduce all possible bispectrum shapes of
general single-field inflation in the slow-roll regime, even at the scale with the red spectrum
beyond the UV scale. This is our main result in this paper. We relegate some useful details
of CFT correlation functions to the appendices.

2 Holographic approach to single field inflation

In this section we summarize the basics of holographic inflation relevant to this paper [6, 16,
19, 21]. In section 2.1 we first sketch how the relevant deformation of the dual CFT can be
related to the inflationary dynamics. We then in section 2.2 introduce the relation between
primordial spectra and correlation functions of the field theory dual. We will apply the
general results introduced here to concrete inflationary models in the following sections.

2.1 Inflation from relevant perturbations

In the holographic approach, the inflationary dynamics is captured by a relevant deforma-
tion of the dual CFT. We perturb this CFT by a relevant operator Og dual to the inflaton
field as

Shx] = Serrld + / i’z $00(@). (2.1)



where Scrr[x] is the action of the CFT, which we call the UV CFT, and y stands for the
integration variables (matter fields) of the path integral defining the UV CFT. As depicted
in figure 1, the UV CF'T is associated with the future infinity of an asymptotically de Sitter
space. The deformation parameter ¢ is related to the inflaton background value at late
time corresponding to the Wilsonian cutoff scale A of the field theory dual as ¢ = ¢A™>.
We take the limit A — co with ¢ being fixed.

Just as the evolution of inflaton background deforms the de Sitter space and breaks
some isometries, the relevant deformation Ogy breaks the conformal invariance of the dual
CFT. It is instructive to see this concretely from the scale dependence of correlation
functions, with an analogy to the inflationary perturbations. Correlation functions in the
deformed QFT can be expressed in terms of the UV CFT correlators as

(...)= < exp {—/d3x¢oo(m)} >CFT : (2.2)

where (...)cpr is the correlation function in the UV CFT. In particular the two-point
function in momentum space is given by?

(O0(k)Oo(—k))" = (Oo(k)Oo(—k))crr — ${00(k)Oo(—k)O0(0))cpr + O(6%) . (2.3)

We have also used [ d®z Og(x) = Og(k = 0). The scale dependence of each CFT correlator
is determined by the dilatation symmetry as

(O0(k)Oo(—k))cpr = Aok® ™, (Oo(k)Oo(—k)O0(0))pr = Ark* ™, (2.4)

where A is a positive constant defined by A = 3 — A with A being the scaling dimension
of Og in the UV CFT. The coefficients Ag and A; are determined only from the UV CFT
data. We then have

(Ov(k)O0(—R)Y = Agk*2* |1 = L6k + 0(8%)| (2.5)
0

Since the deformation parameter ¢ always appears with a factor £~*, the correlation func-
tions reduce to the UV CFT ones in the limit £ — co. On the other hand, the deformation
becomes important in the IR as k — 0. The deformation induced momentum dependence
probes the QFT at different scales, as each mode of the observed inflationary perturbations
probes the geometry at its own horizon crossing time. Since holography converts the scale
dependence of the QFT to the time evolution of the bulk geometry, we can compute infla-
tionary correlation functions from the QFT correlators at an appropriate scale associated
with the geometry of our interest (see figure 1). Therefore one can extract inflationary ob-
servables from QFT correlators. For instance, the spectral index (ns — 1) and its running
are in principle encoded in (2.5).

2For a correlation function in momentum space we will put a prime on the bracket (...)’, which means
dropping the factor (2#)363 (3" k;), while for a correlation function in position space we will not put a prime
on the ket.



2.2 Holographic dictionary

We next introduce the holographic dictionary translating the inflationary correlation func-
tions and the QFT correlators. For this purpose, it is convenient to start from an action
with sources,

S 943 6] = Scrrla: gi] + / B/G60, (2.6)

where g;j(x) and ¢(z) = ¢ + p(z) source the energy-momentum tensor and the operator
Op(z), respectively. The original action (2.1) is reproduced by setting g;; = d;; and ¢ = ¢.
The key idea of holography is that the bulk fields source operators in the dual QFT. For
example, the scalar curvature perturbation ¢ of inflation can be identified with the metric

gij as
gij = €65, (2.7)

and sources the trace of the energy momentum tensor defined by

.2 08 ) oL
T—yg — 305 2.
VTR (ac 3'C> (28)

where we introduced the Lagrangian density £ such that S = [d®z,/gL = [d3ze3°L.
Here and in what follows we drop the tensor modes and focus on the scalar sector only.

For later use, it is convenient to expand the energy-momentum tensor in ¢ and ¢ as
T=Ty+Ti(—3p00+ ..., (29)

where the dots stand for the second and higher orders in ¢ and . In particular we may
write Ty and 77 in terms of the Lagrangian density as

oL 0’L 8£
The action can then be expanded in ¢ up to the second order as
- oL 0’L oL
ca b = LS. 3 i il et 2
Sx; 9ij, @) S[X,&Zj,¢]+/d$[[8<+3£:| o ¢+ 5 [862+6 C+9£L_ ¢+
: (p:
= Spdg.dl - [ [T+ 6T T+ (2.11)

where note that the dots contain terms with ¢ as well as higher order terms in (. In the
following we mostly use U = 31y + 17 instead of T3 for notational simplicity.

The holographic dictionary relates the bulk wave function ¥[¢] and the QFT partition
function Z[(] as [6]

wi¢] = Z[¢). (2.12)



Here W[(] is the wavefunction of ¢ at the future infinity in the gauge ¢(x,t) = ¢(¢).> On
the other hand, we define the partition function in the dual QFT by

Z[(] == / [dx]e 506939 with  g,; = €65 . (2.13)
We normalize it so that Z[¢ = 0] = 1. Tt can then be expanded in ¢ as
21 = exp |5 [ Enidna(Tia) Do) @)l
+é / a1 d®vod*zs [(To (1) Th(x2) To(x3))
+ 3(To(@1)U (2)) 0% (x9 — a3)[¢(1)¢(@2)¢ (23) + O(CH | (2.14)

Here and in what follows we drop ultra-local terms, which contain two or more delta
functions and are not important for our purpose. We also assume that one-point functions
vanish.* The correlation functions (...) on the right hand side are defined with the action
S[x; 85, ¢]. By going into the momentum space and identifying Z[¢] with the wave function
U[¢], we can write primordial spectra in terms of correlation functions in the dual QFT as

1
~ —2Re(Ty(k)To(—k))'
_ 2Re(To(k1)To(k2)To(ks3))" + 2Re(To (k1)U (k1)) + 2 perms
[T, [—2Re(To (ki) To(—ks))']

(C(k)C(=F)) (2.15)

(C(k1)¢(K2)C (k3))'

)

(2.16)

where the correlators of ¢ on the left hand side are defined by (... ) = [[d(] ... |¥[¢]|*.
Finally, we reformulate the dictionary (2.15)—(2.16) in terms of correlation functions
of Op by using the conformal Ward-Takahashi identity [34, 35]

(T(x))s = =Ad(®){O0(®))s = —A (¢ + @(x)) (Oo())s (2.17)

where (...)s is the correlation function computed in the presence of the sources ¢ and ¢.
Expanding this master equation in ¢ and ¢, we can convert the Tj correlators into Og
correlators. For example, the order ¢! and ¢! terms of eq. (2.17) are given by

(To(k)To(—k))" + (T1(0))" = —=Ap(To(k)Oo(—k))’, (2.18)
(To(k)Oo(—k))'+3(00(0))" = =Ad(Oo(k)Oo(—k))" + MO0 (0))’ (2.19)

where we used the expression (2.9). We then arrive at the relation,

(To(k)To(—k))" = N?¢*(Oo(k)Oo(—k))’ + (3 — N)A$(00(0))’ — (T1(0))’
= N?¢*(Oo(k)Oo(—k))’, (2.20)

3See, e.g., [18, 19, 23, 27] for other gauge choices.

“1f one takes into account the quadratic order %TQC 2in T in eq. (2.9), it contributes to a contact term in
the coefficient of ((a:)3, where all operators overlap at the same point . In principle, these contact terms
are canceled by local counterterms.



where at the second equality we assumed that one-point functions of Og and 77 vanish.
Similarly we can derive the relation,

<To(k1)T0(k2)T0(k53)>/ + <U(k1)T0(—k1)>/ + <U(k2)T0(—k2)>’ —+ <U(k3)T0(_k3)>l
= —\?¢%(00(k1)Oo(k2)O0(k3))’

+ X367 |{Oo(k1)Oo(—k1)) + (Oo(k2)Oo(—k2))' + (Oo(k3)Oo(—ks))'| . (2.21)

We therefore have
; 1
<<(k)C(_k)> - )\2¢_)2 [—2Re<00(k:)00(—k:)>’] ’
_ —2§5Re<00(kl)OO(kQ)OO(kg)y + 2Re<00(k1)00(—k1))' + 2 perms
NG [Ty [~2Re(Oo (ki) Oo(—k:))] '

(2.22)

(C(Kk1)¢(k2)C(k3))’
(2.23)

Interestingly, no correlation functions including U appear in these relations. As a result
we can compute primordial spectra purely in terms of correlation functions of Oy together
with the parameters A and ¢.

3 The UV story

In this section we compute the inflationary bispectrum in a class of P(X, ¢) inflation models
by using the perturbed CFT presented in the last section. As we discussed in the last
section, the perturbation from the UV CFT corresponds to the perturbative expansion
in ¢k~*. In this section we focus on the UV region, where higher order terms in ¢k~
are negligible. In the next section we extend our result to the IR region by performing
a resummation.

3.1 Generality and consistency relation of bispectrum

Let us first discuss general properties of holographic inflationary correlation functions. As
we mentioned earlier, correlation functions in the dual QFT are expanded in the deforma-
tion parameter ¢. Each order of a two-point function in ¢ is determined by the dilatation
symmetry up to a constant as

(O0(K)Oo(—k))' = k23" 4, (—gEk‘A)n . (3.1)
n=0

where Ay and A; are given by (2.4) and other A,’s are defined in a similar way. They are
uniquely determined by the UV CFT data, i.e., the spectrum and the OPE coefficients of
the UV CFT. Note also that A,’s are real constants because Oy is a real scalar. Through
the holographic dictionary (2.22), the inflationary power spectrum is given by

i3 2\ o0 B 17t
Pe(k) = 55 (C(k)C(—kK)) = 22 (—2N7) [Z Anp (—dﬂf_’\) ] - (3.2)
n=0



We may compute the corresponding spectral index as

e — _dlnP¢_2)\ ZTIA ( )
* 7 dlnk ZA(qakA)
2
— A 2+é( Sh) + (22-2) (—ék—k)ﬂ...}. (3.3)

Notice that the spectrum is blue tilted, i.e., ng —1 > 0, in the UV region because the UV
CFT is deformed by a relevant operator A > 0. Therefore we need to go to the IR region
to reproduce a red spectrum.

In the inflationary context it is common to normalize the bispectrum by a factor of
the power spectrum squared. By using the dictionary (2.22) and (2.23), we may express
the normalized bispectrum in terms of the Oy correlators as

(C(k1)C(k2)C (K3))’ :_)\<1+Re<00(k2)00( k2))" | Re(Oo (kl)OO(—k1)>'>
(C(k1)C(—k1)) (C(K2)C(—kK2))! Re{Oo(k3)Op(— k) Re(Oo(ks)Oo(—k))
)\(Z) Re<00(k1)00(k ) k3>>

Re(Oo(k3)O0(—ks3))’

By a similar argument for the power spectrum case, we may rewrite it in terms of the UV
CF'T correlators. Later we will do that explicitly for a concrete UV CFT, but in the rest
of this subsection we focus on the squeezed limit without specifying the detail of the UV
CFT. In the squeezed limit k1 < ko = k3, the normalized bispectrum (3.4) is reduced to
the form,

(3.4)

Re(0(0)O0g(k2)Oo(—k2))’

DR Re(Oo(k2)Oo(—k2))’

(C(k1)C(k2)¢(K3))’
(C(k1)C(—k1)) (C(k2)((—k2))’

In the inflationary context, the consistency relation, i.e., the Ward-Takahashi identity for

(3.5)

the broken de Sitter symmetry, tells us that the shape function in the squeezed limit is
related to the spectral index ng as [6, 36]

(C(k1)C(k2)((k3))’
— —(ns—1), 3.6
o C(—k0)y (Ck2) Ry Y 30
where the spectral index is computed at the horizon crossing time of the modes ko = —k3.

Let us reproduce this relation from the QFT side using the expression (3.5). Since the
operator Op(0) with zero momentum is sourced by the deformation parameter ¢, as is seen
from the deformed action (2.1), we may rewrite the second term of (3.5) as

AGR(00(0)00(k2) Oo(—ka))! _ _ 505Re(O0(k2) O0(k2))' _ _\ 2mdn (o).
Re(Oo(k2)Oo(—ka)) Re(Oo(k2)O0(—k2)) " yo4, (—ék;A)"
(3.7)

By comparing this with the spectral index in eq. (3.3) (after the replacement k — kz), we
can readily find that the consistency relation (3.6) holds for any inflationary three-point
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Figure 2. Tllustration of the slow-roll potential V; . (¢).

function computed via holography for any single-field inflation.” It should be noticed that
the dilatation symmetry of the UV CFT plays a crucial role in our derivation. As mentioned
in the last section, the deformation parameter ¢ appears in the two-point function always
in the form ¢k as a consequence of the dilatation symmetry. As a result, we may convert
a derivative in ¢ into that in the momentum k,

n iAn <—¢kk>”] , (3.8)

to reproduce the consistency relation.

3.2 Inflationary setup

In the last subsection we showed that the three-point function in the squeezed limit is
governed by the (broken) dilatation symmetry and its behavior does not depend on the
details of the model. In contrast, the shape of three-point functions for general momentum
configurations highly depends on the inflationary model. In the rest of this paper we specify
a concrete UV CFT model and compute the shape function through the dictionary (2.23)
and the conformal perturbation theory.

As we mentioned in Introduction, we would like to take into account higher deriva-
tive operators of general single-field inflation in the holographic inflation. To clarify our
setup, let us begin by briefly reviewing the slow-roll inflationary models discussed in the
holographic context:

ssr/d‘*xf[ M5 R (0,600 Vin (9)

with  Vir(¢) = 3MEHE + %& - 26+ 0(6"). (3.9)

Here the inflaton mass m and the scaling dimension A = 3 — X of the operator Oy dual
to the inflaton are related by m? = A(3 — \)H3. We assume that A < 1 for the slow-
roll property. We also assume that g3 ~ 1 to make the conformal perturbation work well

A similar derivation is given in [16] at the leading order in ¢. Our derivation can be thought of as its
all-order extension. Another type of holographic derivation may be found in [26, 39], where an infinite set
of consistency relations [38] were derived (at all orders in ¢) based on diffeomorphism invariance of the field
theory dual or equivalently spatial diffeomorphism invariance on the constant time slice.

~10 -



throughout the RG flow generated by the deformation of the CFT.% As depicted in figure 2,
this potential has two extrema,

3NH?
¢puv =0, ¢R= 0

+0(\?), (3.10)

which correspond to the dual UV and IR CF'Ts, respectively. We may find a time-dependent
solution connecting the two extrema,

1

* )
eMHo(t—t) 4 (1— e/\Ho(t—t*)) szﬁrg

o(t) = ¢

(3.11)

which satisfies the Hamilton-Jacobi equation for a spatially homogeneous configuration,
; g3 2
~ —AHpp + ——¢*, 3.12
b ~AHyo + S0 (3.12)

in the regime A\ < 1. Here we introduced ¢(t.) = ¢, with ¢, being some reference time. The
inflaton background evolution (3.11) can then be identified with the RG flow connecting
the two CFTs. Also let us recall that the scalar spectral index is directly related to the
scaling dimension of the deformation operator [see, e.g., eq. (3.3)]. Since the deformation
operator is relevant (irrelevant) near the UV (IR) fixed point, the scalar power spectrum
is blue (red) tilted in the UV (IR) region [17, 21, 24].

Let us now add higher derivative operators to the above slow-roll model. The general
single-field inflation, or the so-called P(X, ¢) model, has an action of the form,

S = /d%\/?g [M;%IRJrP(X, qb)} , (3.13)

where P(X,¢) is an arbitrary function of the inflaton ¢ and its kinetic operator X =
—%(8,@)2. To discuss the bispectrum associated with higher derivative operators in general
single-field inflation, it will be reasonable to focus on the following class of P(X, ¢) model:”

P(X7¢) =X+ Zame_Vs.r.(gb)v (3.14)

m>2

where Vi, (¢) is the slow-roll potential in eq. (3.9). Although our model (3.14) accommo-
dates stationary classical solutions ¢ = 0 and ¢ = ¢1R, it does not necessarily mean that
there exists a classical solution connecting the two extrema (corresponding to the RG flow
connecting the two CFTs). Indeed, there is no such flow when «,,’s are big, essentially
because the slow-roll potential makes a subdominant contribution to the inflaton dynamics.
In order to discuss a self-contained model with both the red tilted power spectrum and
the non-Gaussianities in general single-field inflation, we focus on the following parameter
region in this paper: for each m > 2

A< ap M) « 1, (3.15)

5More precisely, we assume that the mass term and the cubic interaction dominate over the other terms
throughout the flow.

"In other words, we assume Px¢ =0 (for any ¢ and X) for simplicity. Here and in what follows we use
the notation such as Px4 = 8°P/dXd¢.
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As we discuss in section 4, there exists an RG flow connecting the two CFTs in this
parameter region. Also the sound speed c; of the scalar perturbation satisfies A < c;2—1 <
1 in the IR region. As a result, the bispectrum associated with the non-trivial sound speed
dominates over the slow-roll type one. This is the inflationary setup we consider in this
paper. It should be noted that if we are not interested in reproducing a red tilted power
spectrum, we do not have to introduce the slow-roll potential. We may also relax the
condition (3.15) to realize a small sound speed ¢; < 1 and a large non-Gaussianity fyr, > 1
even in the UV region. However, we focus on our parameter set to reproduce the red tilted
spectrum in this paper.

3.3 UV CFT

We then would like to specify the UV CFT corresponding to the local minimum ¢ = 0
to apply the conformal perturbation theory. As we mentioned in Introduction, we use the
dS/CFT correspondence to specify the hypothetical UV CFT in this paper.

As explained in [6], the dS/CFT correspondence can be related to the AdS/CFT
correspondence by an analytic continuation. If we write the Poincaré metrics of dS and
Euclidean AdS as

dsig = Ragn 2(—dn* + dx?), dsigs = Riqs? 2(d2* +dz?), (3.16)
they are related to each other by the analytic continuation®
z=—in, Rags = —iRqgs, (3.17)

where Rgg and Rags are the dS radius and the AdS radius, respectively. In particular, the
dS radius is the inverse of the Hubble parameter Hy.? Furthermore, we can show that the
analytic continuation (3.17) relates the perturbation theory around ¢ = 0 (corresponding
to an exact dS background) to the AdS perturbation theory of the following action:

Sads = / d%\@B(&@)Q +V(®) + > ;“;(acb)m] (3.18)

m>2

with the potential V(®) and the coupling a,, of the form,

V(@) = -7 - %”@3 FO@Y, am=(-1)""ay,. (3.19)
Here for simplicity we neglected gravitational fluctuations, which are not relevant to our
computation. We also introduced G and ® to denote the AdS metric and the scalar field,

respectively, to avoid notational confusion. Just as the original argument in [6], our UV

8The dS/CFT correspondence and AdS/CFT correspondence can also be related by an analytic contin-
uation of the Planck mass [10, 11]. The relation of these two approaches was discussed, e.g., in [25].

9The Hubble parameter of the exact dS (dual to the UV CFT) is given by Hp introduced in eq. (3.9),
whereas the Hubble parameter H(t) during inflation is time-dependent and deviates from Hy because of
the inflaton background.
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Figure 3. The Witten diagram for (Og(k1)O(k2)O0(k3)O3™ 3(0))ppp. The black line denotes
the bulk-boundary propagator Kg,(z). The red line represents the zero-momentum bulk-boundary
propagator Ko(z).

CFT correlation functions are then computed via the Witten diagrams for this AdS model
followed by the replacement

Rags = —iRas,  am = (=)o (3.20)

In the following we will compute the hypothetical UV CFT correlation functions based
on this approach. Since the calculation is a bit complicated essentially because of the
singularity in the limit A — 0, we put the details in appendices A and B, and summarize
the results and the essence of our computation in the main text. Also for simplicity we

mostly set Rqs = 1 in the following.

3.4 Bispectrum at the UV

We then compute the three-point function of Op using the conformal perturbation theory
for the model (3.14). As we mentioned earlier, in this section we focus on the UV region
defined by

ok <\, (3.21)

where k is a typical momentum scale of correlation functions of our interest. In this UV
region, there are two types of the leading contributions to the three-point functions (3.4).
The first contribution is from the first term of (3.4) and is the zeroth order in ¢:

k2 32X\ kl 3—2X\
1 —= — 3.22
+ < k3> + s , (3.22)

which corresponds to the slow-roll type shape associated with the n parameter [6].

-

The other contribution is the o}, -terms of the second term of (3.4), which corresponds
to the Witten diagram in figure 3. In this paper, we are interested in the leading order
in A\ according to the parameter regime (3.15). Noting that the integral for this Witten
diagram is not singular as A — 0,'° we can easily evaluate the integral at the leading order

10Gee also the comment at the end of section 4.1.3.
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in X. The result is

- Re<00(k1)00(k2)00(k}3)>, 4]{31](52]{23 k‘l kg
A ; 3 =, =1, (3.23)
Re<00(l{73)00(—k3)> k2 k3 k:3
where the shape function F is defined as
k1 ko 4 _, 3k1koks ]
Fl——)=|-X°P +2X PxxG(ki, ko, k . (3.24
(kg k3> [ 37 T2k + kg + ka)? oGl iz, o) X=(=\§)2/2 520

Here we introduced Pxxy = 0°P/0X? and Pxxx = 03P/0X3. The function G is defined as
 kik3 + kRS + K3E3
k1koks (ki + ko + k3)
k3ks + kik3 + k3k3 + k3k3 + k3k3 + k3k3 N k3 + k3 + k3
2k31/€2k‘3(k‘1 + ko + k‘3)2 8k1koks

G(kb k27 k3) =

(3.25)

This result reproduces the shapes associated with the X™ coupling computed in [28]. We
may observe that the first contribution (3.22) is responsible for the consistency relation,
whereas the second contribution (3.23) vanishes in the squeezed limit. Indeed, the infla-

tionary parameters in the UV region are given by!!

¢ = % <)\q§k”\)2 , (3.26)
— 2], (3.27)
_ _ 2m—2
612 1=y Wam (k=) (3.28)
S m>2
gem Gy AR Rk (3.29)
- He m>2 gm=* " . ‘

We may easily check that our three-point functions are consistent with the inflationary
results in [28].

In the rest of this section, we revisit the shape of bispectrum associated with the
higher derivative operators, i.e., the O(a,) contribution (3.23) from the OPE perspective.
In particular we discuss why it vanishes in the squeezed limit. Let us consider the CFT
correlation functions of the form,

(O0(k1)O0(k2)Oo(K3) 00 (0) . . . Op(0)Y gy - (3.30)

As we have discussed, such correlation functions constitute three-point functions of the de-
formed CFT. In particular, they are relevant to the O(a,,) contribution to the bispectrum.
In the momentum space, the conformal partial wave expansion simply reads

(O0(k1)O0(k2)O00(k3)00(0) . .. O0(0)) cpr

-y (Oo(k1)O0(k2)O1(k3))cpr(O1(k3)Oo(—k3)00(0) . .. O0(0))cpr
B T <Ol(k’3)01(_k3)>/CFT ’

" Our convention for the slow-roll parameters is € = —H /H? and n = ¢/(eH), where H(t) is the Hubble
parameter.

(3.31)
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where O;’s denote all the primary operators in the CFT. The shape of each term in the
summation is determined by the three-point functions, (Og(k1)Oo(k2)O;1(k3))cpr, which is
uniquely fixed by the conformal symmetry up to an overall OPE coefficient. For example,
when Oy is a primary scalar, it takes the form,

(Oo(k1)O0(k2)O1(k3))crr

3N 3_A A=3 [* 1
= Cooooolk‘f k22 /CS 2 /0 dzx? K%_A(k'lx)K%_)\(kgx)KAI_% (/Cg.r) s (3.32)
where Ay is the conformal dimension of O;. In appendix C, we compute CFT three-point
functions with two nearly marginal primary scalars and one primary scalar with a conformal
dimension close to a non-negative integer n. There we find that such three-point functions
vanish in the squeezed limit ky < ko = k3 except for the case n = 0,3. In particular
the bispectrum associated with derivative couplings is independent of the inflaton cubic
coupling g3, so that it will be dominated by the partial wave where Oy is composite (multi-
trace), e.g., operators schematically of the form Oy0?Oy (p = 0,1,2,...). Since Oy is
nearly marginal, such composite operators have nearly integer dimensions with n > 6, and
therefore their partial wave contributions vanish in the squeezed limit. The bispectrum
associated with the higher derivative operators X" then vanishes in the squeezed limit
as long as this feature survives after summing up all the partial waves. Further progress
in obtaining the precise momentum dependence would require a clarification of the OPE

coefficients, which we postpone for future work.

4 Beyond the UV

As described in Introduction, the bulk geometry of our setup is asymptotically de Sitter
space both at the early and late time. In the dual QFT point of view, we have an RG flow
between an IR CFT and a UV CFT. In [17, 21] it was found that the potential (3.9) has
two local extremal points corresponding to those two CF'Ts, each of which reproduces the
spectral tilt,

(ns — Doy =2, (ns—1)|jim=-2\A+.... (4.1)

In this section, to discuss inflationary models with a red tilted spectrum (consistent with
observations [33]), we extend the holographic computation of the bispectrum to the IR
region characterized by ¢k~ > X, in contrast with (3.21).

4.1 Inflationary bispectrum at the IR

For the holographic computation of the bispectrum (3.4), we need the two-point function

(Oo(k1)00(k2)) = 3= =2 (04 (k1) 00 () 00 (0) e (42)

n!
n=0

and the three-point function

[e.9]

(Oo(K1)O0(k2)Oo(ks)) =)

n=0

—9)"

n!

—~

(O0(k1)O0(k2)O0(k3)00(0)")cpr,  (4.3)
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in the deformed CFT. Just as we did in the previous section, we will compute these
UV CFT correlation functions via the Witten diagrams in AdSy followed by the replace-
ment (3.20). In the IR region, higher-point CFT correlators become non-negligible, so it
seems impossible to obtain the full correlators of the deformed CFT. Nevertheless, it turns
out that the leading contributions in our parameter regime are calculable by performing a
resummation over ¢k~*. For concreteness (and as it turns out to be the most relevant for
our purpose), we first summarize our main results of the resummation for the three-point
function (4.3). The technical details are summarized in appendices A and B.

4.1.1 Outline of the computations

The first goal is to evaluate all the CFT correlation functions in the expansions (4.2)
and (4.3) at the leading order in A, at all orders in g3 and up to the first order in the
derivative couplings, following the strategy given in section 3.3. Namely, starting from the
AdS action (3.18), we

1) evaluate all Witten diagrams for the CFT correlation functions in (4.2) and (4.3) in
our parameter regime,

2) substitute the results of Step 1) back into the expansions (4.2) and (4.3), and carry
out the summations keeping the condition ¢k~* > A in mind,

3) finally apply the replacement (3.20) to obtain correlation functions of the per-
turbed CFT.

Step 1) seems intractable apparently, but actually the enumeration of the diagrams is sim-
plified in our parameter region stated in section 3.2. First, we only need to take into account
the cubic coupling g3 out of the slow-roll potential because it dominates over higher-point
couplings. Second, diagrams with two or more derivative couplings are subleading thanks to
the conditions (3.15) on the derivative couplings. These conditions on the model parameters
enable us to complete the computation of relevant diagrams. The detail of Step 1) is given
in appendix A. Then, in Step 2), we obtain integral representations of the full two-point
and three-point functions after the summations. Remarkably, these integral expressions
have very compact structures with what we call “effective bulk-boundary propagators”.
As explained in more detail shortly, they are bulk-boundary propagators “dressed” with
zero-momentum propagators associated with the operator Oy(0). The result of Step 3) is
given in appendix B.3.

In the rest of this subsection we explain these results and their consequences more
concretely: first evaluate the contributions to the three-point function without derivative
couplings, which we will call the “non-derivative part” of the three-point function, and
then evaluate the contributions at the first order in the derivative couplings, which we will
call the “a,,-part”.

4.1.2 Non-derivative part of the three-point function

Let us first focus on the non-derivative part of the three-point function (4.3). As stated
above, this part is contributed by Witten diagrams made up of three bulk-boundary prop-
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Figure 4. The effective bulk-boundary propagator is essentially taking all contributions of zero
momentum legs (indicated in red). When the bulk point is pulled to the boundary according
to (A.15), it is exactly the two-point function of the perturbed CFT.

Figure 5. The diagrammatic representation of the integral (4.4). The black double line denotes
the effective bulk-boundary propagator Ky, (z).

agators with k; and an arbitrary number of zero-momentum bulk-boundary propagators,
connected by the bulk-bulk propagators and the cubic vertex gs. We then introduce what
we call the effective bulk-boundary propagator schematically as in figure 4. It is essentially
a bulk-boundary propagator dressed by zero-momentum propagators with the cubic ver-
tex g3 (see appendix A for a more precise definition). Notice that this dressing originates
from the operator Oy(0) in the perturbative expansion (4.3). All the relevant diagrams
are now nicely reformulated into the form of figure 5, where three effective bulk-boundary
propagators are attached to the cubic coupling gs3. More explicitly,

o
(Oo(k1)O0(k2)O0(ks))" > —2g3 /0 %Kkl (2) Ky (2) Ky (2) (4.4)
where K 4(z) denotes the effective bulk-boundary propagator of momentum g. This is
exactly the integral expression of (Og(k1)Oo(k2)Op(ks))crr with the three bulk-boundary
propagators replaced by the effective ones Ky, ().
Generally speaking, it is quite difficult to evaluate the integral (4.4). However, it turns
out to be somewhat tractable under the assumptions A < 1 and

() - (2) ()
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where we introduced k := ki +ko+ k3. From an inflationary point of view, the first assump-
tion corresponds to the slow-roll condition as we mentioned earlier. On the other hand,
the second one is essentially equivalent to the assumption that the slow-roll parameters are
approximately the same at the time of horizon crossing of each mode k;. In appendix B.2.1,
we find that the integral (4.4) takes the form,

FOE™M) (RT3 + k373 + k573, (4.6)

where f(pk~*) is some function irrelevant to the shape. Actually, because of some com-
binatorial complications, it seems not straightforward to determine the function f(¢k=?)
directly. Instead, in the following, we use the consistency relation (3.6), which we already
proved on the CFT side for general setups, to find the explicit form of f(pk™?).

Let us start from the right hand side of the consistency relation (3.6). The O(a2)
part of the power spectrum and the spectral tilt were already computed in [8, 17, 21, 24],
which gives

1
= meGe)

Here g(q) and B(g(q)) are defined by

+O0(am), ns—1=-25(3(q)) + Olamm) - (4.7)

o

g(a) = 6g™* (1 + &;¢qA ) : (4.8)
o

Bla(0) = —Agla) + Lot = ~xig 1+ D) (4.9)

As discussed in [21], g(q) and B(g) may be identified with the coupling for the renormalized
operator associated with Oy and the corresponding beta function. Indeed, g(q) flows from
UV to IR as

3\
0<3(q) < —, (4.10)
g3
as expected from our inflationary setup. We may also see that j3 is at most of the order \?
along the flow. On the other hand, the left hand side of eq. (3.6) in the squeezed limit reads

Re(00(0)O00(k2)O0o(—k2))" 2(Apk™)? f(9k )

—2X+ A = -2\ — - 4.11
* T Re{0y(ha) Ou{ k) Bk -
Here we used the approximation (4.5) and the two-point function,
=012
OO0’ = I D 54 00, (1.12)
(Ap)
which follows from the result in [8, 17, 21, 24]. The consistency relation (3.6) then implies
. _ _ . 2 ok 7
PG = = (4 () ) a0 PO = 2 (14 BEZ)
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Figure 6. The diagrammatic representation of the integral (4.14). The red double line represents
the effective zero-momentum bulk-boundary propagator E(z).

4.1.3 amn-part of the three-point function

We next move on to the ay,-part of the three-point function (4.3). This part is contributed
by all diagrams made up of three bulk-boundary propagators with with k; and an arbi-
trary number of zero-momentum bulk-boundary propagators, connected by the bulk-bulk
propagators, the cubic vertex gs and only one derivative coupling. Let us look at the di-
agrams with one a,,. Similarly to the non-derivative case, all the relevant diagrams are
nicely reformulated in terms of effective propagators as in figure 6. Here, the new ingre-
dient is the effective zero-momentum bulk-boundary propagator, i.e., the red double line
in the figure. It is again dressed by zero-momentum propagators with the cubic vertex
g3 (see appendix A for more details). More explicitly, the integral representation of the
am-contribution to the three-point function (4.3) is given by

(Oo(k1)Og(k2)Oo(k3))’ )
B%Wam/(]wdzz2m4{(2m—l) e (2) Ko, (2) 2:3(2)E/(Z)2m73

- (k:l.kgKkl(z)KkQ(z) 1 (2)E' ()73 4 (231) + (312))} ,

where E(z) denotes the zero-momentum effective bulk-boundary propagator. For the
derivation, see appendix A.4. This is exactly the integral expression of (Oy(k1)Oq(k2)-
-09(k3)0p(0)2™=3)cpr for each m, with the three bulk-boundary propagators replaced
by the effective ones Ky, (z) and (2m — 3) zero-momentum propagators replaced by the
effective ones E(z).

Surprisingly, it turns out that the assumption A < 1 drastically simplifies our com-
putation. In appendix B we show that the following approximations may be used in the
integral (4.14):

A\ -2

Ky, (2) ~ <1 + g‘”’ﬁi) Kk, (2), (4.15)
o a< -2

K (2) > <1 + g3ﬁ§ ) Kh,(2), (4.16)
A< 2

E'(2) ~ <1 + g3ﬁ§ ) [—o Ko(2)] . (4.17)
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where KCg(2) is the standard (undressed) bulk-boundary propagator,
¢(3/2)-2,3/2

ICQ(Z) = 2(1/2)_)\1—\((3/2) Y K(3/2)7A(qz)'

(4.18)

Interestingly, all the ingredients of the integral (4.14) have the same z-independent
prefactor,

bk 2 g(k
<1 +932)\ > _ ﬁgg(;kg (4.19)

which goes to unity in the UV limit £ — oco. As a result, the shape function takes a form
quite similar to the UV results (3.23)—(3.25). By performing the integral (4.14), we have

/ g(k))? ki k
(Oulkn)On(k)O k)|, = ~dakas "0 F (22) . a0)

with the shape function F(ky/ks, ke/ks) defined by

kl kQ 4 ) 3k1k2k3 :|
Fl k) _{ dyep 42X Py x G(ky. kg, K .
(k:a k3> [ 37 N2kt + ko + ka) xx Gl s ) X=B(g(k))?/2

(4.21)
Here we used the approximations A < 1 and (4.5). Also notice that all the scale-dependence
appears through X = B(g(k))?/2.

Before stating the final result for the inflationary bispectrum, we would like to make
some technical comments. After the computation of the integral (4.14), one may won-
der why the computation here was simpler than the one for the non-derivative part. In
particular, one may wonder why we cannot use the approximations (4.15)—(4.17) for the
non-derivative contribution. Actually, the integrals (4.4) and (4.14) have a different be-
havior around z = 0. First, the leading contribution of the latter integral is regular around
z = 0 essentially because a,,’s are derivative interactions. We can therefore take the A — 0
limit of the integrand before performing the integral. On the other hand, the former is
singular for A < 1, so that we need to perform an analytic continuation of A\. Because of
this analytic continuation, we cannot take the A — 0 limit before performing the integral.
Essentially, such a difference makes the computation in this subsection simpler compared
with the non-derivative part. More details will be discussed in appendix B.

4.1.4 Final result

We now compute the inflationary bispectrum using the obtained deformed QFT correlators.
So far, we have computed the three-point function (Og(k1)Op(k2)Op(ks))’ up to the first
order in «,,. Also, by evaluating the second integral of the right hand side of (B.27), we
may show that the O(ay,) correction to the two-point function (Oy(q)Oo(—q))’ scales as
~ amA =D which is subdominant under the condition (3.15). All in all, the leading
contribution to the normalized bispectrum is given by

C(R1)¢(Ra)C(Ra)) ki\? (k2 \P | Akikoks (ki ks
<<<k:1><<—k1>>'<<<k2><<—k2>>"ﬁ(g(“><l+<k3> *(k?,) )* g (/cs’k3>'
(4.22)
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4.2 Comparison with inflationary results

In this subsection, we compare the result (4.22) from the dual QFT with the result on the
inflation side. For this we first relate the coupling g (4.8) with the inflaton. The coupling
g satisfies

) _ (g)) = ~2ath) + L (k). (4.23)

On the inflation side, the time derivative of the inflaton trajectory ¢.(t) can be written in

terms of the inflaton trajectory ¢ itself as'?

de = —Mbe+ T2 + Olan). (4.24)

This equation holds at any time, especially at the horizon crossing t.(k) satisfying k =
aH (t.(k)). Comparing (4.23) and (4.24), we can identify the running coupling g(k) at the
leading order in \ with the inflaton at the horizon exit ¢.(t«(k)) up to a,,-corrections,

Pe(ts(k)) = g(k) + O(aum). (4.25)

Let us apply this identification to the bispectrum directly computed on the inflation
side [28]. In our parameter regime, the leading contribution is

(C(k1)C(k2)C(K3))!
(C(k1)C(—F1)) (C(k2)¢(—k2))’

1))

4k1koks 1 A 3k1koks 1
——1-2—= — —1 k1. ko, k 4.2
* [( 2> 2(7€1+k2+k3)+<03 >G( b 3)} (4.26)

where the parameters A, ¥ are defined as [28]

2
A:= XPxx + gXQPXXX, ¥ := Px +2XPxx. (4.27)

Here these parameters and the sound speed are defined with X = %qbg First the slow-roll
parameter 1 becomes 7 = 23’. Next, the remaining parameters become, at the leading
order in the derivative couplings,

_12,\/1 — 2
X = S6t = gk

1 | _2XPxx

—_ — ~2XP

Cg PX XX’
1 20 2XP XPxx +2X2P 4
Sl s XX P AR T XXX DX %Pyxx, (4.28)
cs b)) Px Px +2XPxx 3

where ~ stands for the equality up to the leading order in ay,. Applying these results
to (4.26), we find it exactly coincides with (4.22), as desired.

2This is derived by writing ¢. in terms of ¢.. See [21] for the detail for a general slow-roll potential.
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5 Summary and outlook

In this paper, we applied conformal perturbation techniques to holographically compute
the bispectrum of a generalized single-field inflation model containing derivative couplings.
Correlation functions of the reference UV CFT were computed via the dS/CFT correspon-
dence. Using them, we first computed correlation functions of a relevantly deformed CFT
perturbatively around the UV fixed point, and obtained a blue tilted power spectrum as
well as a bispectrum of the correct shape. Then, by taking into account all-order conformal
perturbations to reach the IR region of the RG flow, we reproduced the bispectrum up to
first order in the derivative couplings at scales where the power spectrum is red tilted.
We would like to end this paper with several promising future directions. First, our
analysis in the present paper was perturbative in the derivative couplings. While our result
is exact to all orders in the cubic coupling g3, it is valid only around the parameter region
with ¢2 ~ 1. Tt would be interesting to generalize our findings to the small sound speed case
where ¢ < 1. Another interesting direction will be to extend our results to quasi single-
field inflation [42—44] (which contains massive fields in addition to the inflaton), especially
in connection to the “cosmological collider physics” program [45]. The CFT viewpoint will
be useful in understanding various soft limit properties of the inflationary correlators. Fur-
thermore, recent developments in higher dimensional CFT, such as the conformal bootstrap
approach,'® may give us additional handles to derive inflationary non-Gaussianities. We
expect such technical advances, together with conformal perturbation theory and hologra-
phy that we exploited in this paper, would shed new light on the structure of primordial
spectra. We hope to report our progress in these directions elsewhere in the near future.
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A Correlation functions from AdS

This and the next appendices will give a detailed account of computing CFT correlation
functions from an AdS action. In this appendix, we give a classical solution to the equation
of motion of the AdS action perturbatively, compute their derivatives and use them to write
down the correlation functions of our interest. See the appendix B of [21] for a nice review
for the canonical kinetic term case. This section is its extension to the case with derivative
couplings.

A.1 Review of holographic computations in AdS
The bulk AdS action of our interest is
1 m? gs a
— 4 L 2, M &2 9353 am 2m
SAdS—/dx\/é S (00)" + -7 — 20 +mz>22m(aq>) , (A.1)
where (0®)? := GMN9y®ON® and Gy is the Euclidean four-dimensional AdS metric
ds® = R332 2(dz* + dz?). The equation of motion of ® is

—G 2oy (G0N D) + mPP — g3 — ;—:’;G_l/zaM(G1/28M<I>(6c1>)2(m_1)) =0.
m>2

(A.2)

Let us introduce a parameter v and formally expand ® in v as ® = ° | v"®,,. Then the
equations of motion for ®,, read

0 Doy, (A.3)
0 = Ddy — g3P3, A
0= D(I)n — g3 Z <I>a(1)b
a+b=n
a,b>1
B Z 2ma, Z G129 (G1/28M<I> (3 o, OV P )m—l> (A 5)
om M al\ONFb; Ci ’ '
m>2 a+y;(bi+ci)=n
a,b;,ci>1

where the third equation is for n > 3, and D is the differential operator
Dd := —G 20y (G 2M ) + m2®. (A.6)

We solve the first equation of motion (A.3) by

/ Kx (@) ( (A7)

where ¢ (x) is the boundary field, X = (z,y) denotes a bulk point, and we introduced
the bulk-boundary propagator Kx(x), which satisfies DxKx(x) = 0. We will use its
three-dimensional momentum expression

q(3/2)—AZ3/2
21/2)=AT((3/2) — A

Kq(2) :== )K(S/Q)—/\(qz)a R3gsm® = M\ —3), (A.8)
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which is defined by
d3q ia (o
Kz ) () :/(27r)36q'(:c y)’Cq(z)-

Aas z — 0. To solve

Here the normalization factor in Kg is fixed such that Kg(z) — =
the remaining equations of motion (A.4) and (A.5), we introduce the Green’s function
G(z,x; 7', x'), called the bulk-bulk propagator, as the solution to the free equation of motion

with a delta-function source
R34sD:-G(z, ;2 x') = 26(2 — 2)83(x — o). (A.9)

The overall R2AdS on the left hand side is introduced so that the Rids—dependence only
comes from the mass in the form RQAdSmQ. Its three-dimensional momentum space
Gq(z,2') reads
(Zzl)g/QKE,)\(qz)IE,A(qZ/) z> 2,
Gq(z,2') = : : (A.10)
(22T \(a9)Ks \(¢7) 2>

which is defined by

3 . ’
G(z,x; 2, 2) = / (;lﬂgge“l-@—“gq(z,z’).

The solutions to the equations of motion (A.4) and (A.5) then read

¢2,X = gSRA(?lS/ gXX/¢LX/q)LX/7 (All)
nX —QSRAds/ gXX’ Z ‘I)aX/(I)bX"l‘ Z RAZ;; ) (A‘12)
a+b= m>2
a, b>1
/ Gxx 2oy [2,2(m_2)a§\4(1)a7X’(8§vq>bi,X’a§Vq)ci,X’)m_l} :
a+y, (b +ci)=n
a,b,c>1

where each of the indices M, N is summed over z,x.'* Just for notational simplicity,

we introduced the abbreviations: for Py x = Pu(z,2), Gxxr = G(2,m; 2, ), GMN =

GMN(2),0), = 6z’M and [y, = f fd3 !

AdS/CFT dictionary. To describe the AdS/CFT correspondence precisely, we use the
asymptotic behavior of ® as z — 0, which is given as the sum of two power series

D(2) = 2* (o) + 220+ ) + 257 (Vp_an + 22 0p_an ) - (A.13)

The holographic dictionary is to identify ¢35y with the 1-point function in the presence
of the boundary field ¢ up to contact terms [48],

(Oo)g = —R34s(3 = 2A\)@[3_2y)- (A.14)

!Note that the integral measure also involves Riqs from VG, which, however, is irrelevant to the
flip (3.20).
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One can extract ppz_oy from (A.12) by expanding Gxx+ at z — 0, z < 2/,
1
3—2)
such that the contribution of ®, x to (Op)s are obtained by replacing G4(z,2') by Kq(2')

Gq(z,2') = Kq(2)237 + 0257, (A.15)

n (A.12). Correlation functions are obtained by taking derivatives with respect to —p[g

8" 1O (k1))
(5(,0[0}(—’62) . (5(,0[0](—’{571) AP[O]:O'
Note that the correlation functions thus obtained are those of CFTg3 dual to AdSs. We
can see from (A.7), (A.11) and (A.12) that ®, contains n source fields ¢ . They can
be drawn as Witten diagrams with the bulk-bulk propagator G and the bulk-boundary

<Oo(k1) - Oo(kn)> = (_)n—l (A.lﬁ)

propagator I and all the combinatorial factors are contained in ®,,. Correlation functions
in our perturbed CFT are expressed as an infinite sum of the CFT correlators, for instance,
. _
! (_¢)n
(Oo(k1)Oo(k2)) =) y

n=0

(O0(k1)O00(k2)00(0)") pp- (A.17)

Since all UV CFT correlation functions contribute at the same order at the IR, we need
n-point functions for general n in which two or three operators have nonzero momenta
and others have zero momentum. To evaluate them, we first take the n-th, (n — 1)-th,
and (n — 2)-th derivatives of ®,, with respect to the boundary fields with zero momentum.
Moreover, we will evaluate the correlation functions to all orders in g3 and to first order
in a,,. We will finally find that the two-point and three-point functions can be compactly
written in terms of the effective bulk-boundary propagators, which can be depicted as
Witten diagrams in figure 5 plus figure 6. Diagrammatic representation of the effective
bulk-boundary propagators will be given in figure 4 and 8.
For later convenience, we first decompose ®,, as
o, = q)glg?,) + Z (pg{lm)_ (A.18)
m>2

(a

Here @5{13) has no derivative couplings a,, while ®, ™) has only one a,, for each m.

Recovering the AdS radius. From now on, we will set Raqs = 1 for simplicity. We
can recover the RidS dependence by applying the following replacement

_ 2(m—5
A.2 Properties of <I>§lg3)
Keeping the correlation functions of our interest in mind, we introduce

"\ (2, ky)

(93)
z) = , A .20
s s () <n—2>'<2gg>n TS0 (ko (—ka)ogg 2 20
n (93)
(g3) o 1 J (I)TL (ka2)
Kok ) = D205 Sy (—k)op (0)7 1 (A.21)
na (93)
Er(lg's)(z) — 1 0" %" (2,0) (A.22)

n!(2g3)"~1 S (0)"
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BY)(2) = B)(z) =

L

Figure 7. Diagrams for EY). The index n is the number of the zero-momentum bulk-boundary
propagators.

where we have omitted momentum-conserving delta function (27)38(>" k;).1° Here we
make a comment on the meaning of the normalizations above. We will shortly find that
the recursion relations for C'93), K(93) F(93) involve no coupling constant g3. This implies
that the C93), K(93) F(93) are all independent of g3, so that the normalizations above tell
us the exact gs-dependence of the above three derivatives of <I>7(193).

Taking derivatives of (A.7), (A.11) and (A.12), we find the recursion relations for B9

E§gg)(z) _ IC()(Z), (A23)
EW9)() = % / > Golz,2)EW) () B, (n>2) (A.24)
2 a+b=n
a,b>1

This can be depicted as figure 7.

The recursion relations for KT(LgB) read

K% (2) = Ki(2), (A.25)
K% (2) = / 37 Gulz, 2 EWD (K (). (n>2) (A.26)
2! a+b=n
a,b>1

In terms of E93) it reads,

Kfff;)(Z) =) Gr(2,21) B (21)Gk (21, 22) ENP) (29) -+~ Gk (2p-1, 2p) B (2) K (7).
>0 21,y
n1+...3-7zp:n—1 ’

1<ny,.np<n—1 (A.27)

The summation symbol > o>~ <n—1 Means that the sum over all

ni+...4np=n—1,1<nq,...,np
possible decompositions of n—1 into a sum of integers no less than 1. In the n = 1 case, this

decomposition does not exist, namely p = 0, consistent with (A.25). Diagrammatically,
it simply means attaching (n — 1) zero momentum legs to the bulk-boundary propagator
using the g3 vertex.

5More concretly, for (A.20), it holds that k1 + k2 + k3 = 0, and for (A.20), it holds that k1 + k2 = 0.
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The recursion relations for CT(L%) read

CE) 1 (2) = / Greriea (2,2 VKL (DK (), (A.28)

CE i) = [ 3D Gurirales) OO 1, () + KELKSEN] . (02 3)
i

(A.29)

It can be expressed as

W) () = N Gk (2, VK (K (), (A.30)
X! a+b+c=n
a>0, b,c>1

where we defined for n > 0
Gn,k(z,z') =
3 / Gro(z, 21) BS99 (21)Gr (21, 22) YD (22) - ol 2p1, 2p) B2 (2) G (2, 2'),

(A.31)

where Gy i, is equal to Gi. The following figure shows this definition diagrammatically:

A.3 Properties of <I>£L“m)

In a similar manner, from CD%“’”) one can obtain C}{lm) with (n — 2) zero momentum legs
and one a,, vertex, K,(Lam) with (n — 1) zero momentum legs and one a,, vertex, and E,(Iam)
with n zero momentum legs and one a,, vertex. Here we explain the case m = 2 in detail.
The extension to general m is straightforward, though the computations will be a bit more

complicated. For instance, the three-point function is derived from szalii Ky

(a2) (2’) — 1 5nq>£;l2)(z’ k3)
nkuka YT ()~ 9)lag (2g3)" 3 S (— k1) dpp0) (—k2) 3y (0) 2

= - / Y 8§\/[Ga,k1+k2(272/)[8/ME1593)(zl)avag,sl)(Z/)ﬁlNKc(l?,ii(Z’)
3;8#5:?1:27{ 26’MK(93) ng. K(gs) / 8'NE(93) /
+ b,kl(z )ON cka () G (2)
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1
[ Y Gumin ) [28’M01§,%33,k2<z’>afvE§93><z'>a'NE§g3’<z’>

© ajbietay
a>0, b,c,d> + 8IME1593) (Z/)aEVEégS) (Z/)a/Ncéf},iz’k2 (Z/):|

H Y Gurnnaen ) {KEIEOKSE) + O, (DES )}

z!

a+b+c=n
a>0, b,c>1
(A.32)
and the two-point function is derived from K 7(1 kz
(a2 (2) = 1 5”(1)%@)(2, ko)
nRTT (0 — 1)lag(2g3)" 3 dep)(—k1) oy (0) 1
= - / Y G (=2 [PV R (B (N B ()
2 a+btetd=n (g5) (g5)
a>0, b,c,d>1 + ZalMEbQS (z’)(%vEév%)( )8/NKdg,21( )
Y Gl B EORRE), (A.33)
2! a+b+c=n
a>0, b,c>1

where we introduced Oy Ey, = (0, Ep,0) and 0Ky g = (0z,1iq)Ky q(2), ete. for momentum
space we are working in. Indices are contracted as usual. We omit the expressions for Ey" (a2)
since our results will not involve it at the leading order in A.

Based on the above results, we can now define the effective propagators,

(—293)" (=) B (2), (A.34)

&
X

i
M8

Kq(z) = (2030)" K% (2)
n=1

= Z(—293)”/ Gq(2,21)E(21)Gq(21, 22) - - - E(2p)Kq(2p), (A.35)
p=0 215--92p
E(z) = (~2g3)"*(—¢)"a2 B ()
n=1
= —ay / hGolz, 2VOME(ZINE(Z)INE(Z), (A.36)

Gq(z,2) =) (2959)"Gnglz,7)

n=0

= Z(—2g3)p/ gq(z, ZI)E(Zl)gq(Zlv 22) E(zp)gq(zzn Z/)- (A.37)
p=0 Ay Zp

We will only use the bulk-boundary effective propagators E, K explicitly later. Here, we
give their diagrammatic representations.
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Figure 8. The diagram on the left is the Witten diagram of the effective zero momentum bulk-
boundary propagator E(z). The one on the right is the effective bulk-boundary propagator Kg(z)
in terms of E. See also figure 4.

A.4 Correlation functions at all orders

We derive AdS, integral representations of the two-point and three-point functions using
the derivatives of the classical solutions found in the last appendix. In what follows, CFT
correlation functions in section A.4.1, A.4.2, B.1 and B.2 are all for CFT dual to AdS,
while those defined with CF'T dual to dS only appear in section B.3.

A.4.1 Two-point function

The full two-point function can be written as

(=9)"

Oufa)0n(-a)) =3 1 (00(2)00(=9)00(0)") (A.38)
n=0 ’
- | 0B )+ 3B R
n=0 [3—2)]

Here the operation A][3_2 »] means picking up the coefficient of 237 _term in the asymptotic
form of A as z — 0 and multiplying it by (3 — 2)\)Rids (to put it practically, replacing
every first Gq(z,2’) with Kg(2’) in the integrals). Diagrammatically, it means pulling the
bulk point with coordinate z to the boundary. The first term of (A.38) is just the effective
bulk-boundary propagator with the bulk point pulled to the boundary,

- n 3)
> usd)" K o s o
= Kq(z)|[3_2)\] (A.39)
= Z(_293)p/ Kq(z1)E(21)Gq(21, 22) E(22) - - - Gq(2p—1, 2p) E(2p) Kq(2p),
>0 Z1yesZp

where p = 0 in the sum is just the CFT two-point function (O (k)Oo(—k))opr, we find

(O0(q)00(—q))’
= Kq(z)‘[:a—m]

—as / oMK q(z) [0V K 4(2)ONE(2)0N E(2) + 20M E(2)ON E(2)0" K 4(2)]
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+ 293@2/ K 4(2)20),Go(z, 2 YIME(ZONE(2) N E(2)

= Kq(z)‘[s_m

- az/dz [30.K ¢(2)0.K ¢(2)0.E(2)0.E(z) — qQKq(z)Q(?ZE(z)OZE(z)]
TR (A.40)

Here we introduced the notation Oy E = (0, E,0) and Oy K¢ = (0,,1q) K ¢(z). Indices are
contracted as usual. We omitted the O(gsaz) term, which turns out to be subleading in \.

A.4.2 Three-point function
We begin with the identity

(Oo(k1)O0(k2)Oo(k3))’

= > 00 k0100 (k2) 005 )00 0) e (A1)
n=0 ’
X \n(_ n+1
- [Z ( qb) ( 2293) n+2 ko, k3 Z 293 GQC(-&?% k27k3( )
n=0 [3-2)]

Using the recursive relations we found, we can rewrite the three-point function (A.41) as
(Oo(k1)O0(k2)Oo(ks))’

=201 [ K () Ko () K (2
— 2ay /aME(z) [OM K, (2)On K g, (2)0N K, (2) + (231) + (312)]

+ 200 [ [BEKe ()G () K () Ky () + (231) + (312)]

)

2900 [ [ Ky (K1 ()05, Gy 22

)

X (a’MKk3(z')ang(z’)a’NE(z') + 20M ()N E(2)0™N K, (z’))

+(231) + (312)} (A.42)

= 255 [ LK () K () K (2) (A43)

~ %4 / 2 [80. K, (2)0. K 1, ()0 K ., (). (2)

- (k:l.kQKkl(z)KkQ(z)é?ZKk3(z)8zE(z) +(231) + (312))] (A.44)

Here we dropped the other integrals because they turn out to be subleading in A and so
only the first and second integrals (A.43), (A.44) contribute to the three-point function.
The first integral (A.43) comes from (A.30) while the second comes from the first integral
of (A.32).
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B Explicit form of the correlation functions at all orders

In this appendix, we evaluate the effective bulk-boundary propagators E and K4 explicitly
at the leading order in A. The non-derivative part of the three-point function will also
be evaluated.

B.1 Zero-momentum bulk-boundary effective propagator

Let us compute E1(193)(Z) at the leading order in A\. We will encounter the following integral

oo d !/
/ izlaz\zlb)\go(z72/)’ (B].)
0

2/4

where the zero-momentum bulk-bulk propagator reads

1

Gol=) = 5755

[z’\z’?’*)‘e(z — )+ B - z)} . (B.2)

By the step functions in Gg, the integral splits into foz and fzoo parts. The fzoo part has an
integrand 2/(¢+t+1DA=4 5o that the integral is convergent around z ~ co. Also it is regular
at A = 0. On the other hand, [ part has integrand 2’ —1+(@+b=1A and the leading order of

the integral is of O(A™!). Thus the integral becomes

Z(a+b))\

0OdZ///\/b)\ /
— 2@ =+ ... B.3
/0 LR ICES Satb—Dr (B.3)

where the dots stand for higher order terms in A. Here one would wonder if we may

approximate that z(@tb)A

~ 1 at the leading order in A\. However, this approximation
breaks down when Aln|z| 2 1 (indeed, it happens for very small z in the integral region
[0,00)). We therefore keep 2(@+DX without reducing it to 1. This remark applies to the

computations in what follows. With the explicit forms for n =1 and n = 2
E(93) — A E(Qd) _Z B.4
1 (Z) Z 2 (Z> 6 )\7 ( . )

the recursive definition of ) given by (A.23) and (A.24) yields

B (2) =

ST (B.5)

Order estimate of the integral (A.42) for three-point function. Using this explicit
form (B.5), we can estimate the A-order of the integral (A.42) for the three-point function

to show that (A.43) and (A.44) dominate.' The point is that one z-differentiation of the

5o

for each order in ¢, or equivalently in g3, that the 1st and 2nd term on the right hand side

effective zero-momentum propagator (z) yields one . By this property, we can see

of (A.42) always dominate over the 3rd and 4th terms at the leading order in \.

16The following order estimate can be justified recursively.
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B.2 Effective bulk-boundary propagators of general momentum

Let us compute K, 4(z). We start from K 4(z) = Kq(2). Applying the recursion rela-
tion (A.26) to this, we find

> d ! / 3 / /
Koq®) = [ Se0ue. ) B () (2). (B.6)

The bulk-to-boundary propagator may be expanded as

Ka(2) =g {(W 140 ((62)] + 5021+ 0 ((2)?) ] } . (B

Note that the series expansion is in the the dimensionless combination gz. Here and in
what follows, we will recurrently use such a dimensionless combination. It will make the
computations simpler and also be useful to reproduce the correct scale-dependence of the
correlation functions.

The z > 2/ part of the bulk-to-bulk propagator may be expanded as

G(+) = KylI14() = 0 MKy gn i@ 140 (@) ] ()
where we introduced
Tq(z) = 2/272T(3/2 = A)(g2)*%q 2" 3751 (q2) - (B.9)
For A < 1, we may simplify it as
Gal(2#) = 307 Kq(2)(a2 1 +0 () ] (B.10)

Note that we ignored X in the Gamma functions but kept (¢z')3~*. This is because the ap-
proximation (gz)* ~ 1 is not valid when A|In(gz)| > 1, as explained in the zero-momentum
case. On the other hand, the 2’ > z part may be expanded as

Ga(:1) =Ty (2) (@) (140 (@) + 3@ (140 (@) )| (B

The recursion relation for n = 2 (B.6) reads, reflecting the step functions in Gg,

Ko q(2) = < /0 Z+ / OO) iigq(z,z') EY) (2 Kq(7) . (B.12)

The first part is
- ~ —)\]C qzﬂ} 134+ 140 2 P B.13
| part =~ g q(Z)0 3V +O W) |, v =4d, (B.13)

whose dominant contribution is from 3y ~ 0. We can find the leading order terms in A by

1=14+0(N)

collecting the y terms in the integrand. The remaining part of (B.12) is

00 0 qz / 1
/ part ~ ¢~ Zy(2) (/0 —/O > Ziy’ [y“ (1+0 (%) + 39" (1+ 0 (y?))

(B.14)

2
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Its dominant contribution is again from g3’ ~ 0 since the integrand is originally proportional
to ¢/ )‘_4IC3(y’ ), which damps exponentially as ¢y’ — oo. Therefore the leading order terms

in A can be found by collecting the /=1t

terms and applying (C.7) to them. Then it
turns out that the contributions from [;° and [;* differ by an overall factor of (¢z)*, which
is not negligible when A|In(gz)| 2 1. Whether it is negligible is determined by whether the
(gz)-integral to which the effective propagator is applied is regular around gz = 0 or not.

We will discuss this point for the integrals (A.43) and (A.44), respectively.

B.2.1 Effective propagators in integral (A.43)

Let us consider the case in which the effective propagators are used in the integral (A.43).
We first estimate the order in A. For this, following the technique given in appendix C,

we collect terms of the form 2~ which gives rise to A~!. Indeed the integral (A.43)
14+O()

1+O(N\)

contains z~ So the A-expansion of this integral starts from order A~!. Since this

integrand 2z~ is singular around z = 0, it is dangerous to set (¢z)* = 1 and thus (B.14)
cannot be zero.

To extract the leading order in A from the integral (B.12), namely (B.13)4(B.14), we

collect terms of the form 3 ~+°W following appendix C. Then we find
—oay-1 |2 vaea Lo s Lo an :
Ko q(2) =q *'A §(qz) — §(qz) + g(qz) + higher order in A| . (B.15)

Using the recursion relation (A.27), we can find the structure of K, 11 4(2) inductively

Kni1q(2) =g D" [An(qzv)("“)A + an(QZ)“(Z‘I)A} : (B.16)
1=0

where A,,, B,; are independent of .

Let us evaluate the integral (A.43). This involves three momenta ki, ko, k3. We in-
troduce k = k1 + ko + k3 as a reference momentum and rescale the integration variable
as y = kz. (See also appendix C.) We can then use the approximation (k;/k)» ~ 1 by
the approximation (4.5). Then, we can show at the leading order in A that the integral is
proportional to k‘i’f?’)‘ + k‘g’*g’\ + k;’f?’/\ at all orders in ¢. The proportional factor is the
function of ¢k, which is fixed in section 4.2.

B.2.2 Effective propagators in integral (A.44)

Let us next consider the case in which the effective propagators are used in the inte-
gral (A.44). We first estimate the order in A. In this case it turns out that the leading
contribution in the A-expansion comes from the terms in the integrand which are regular
around z = 0. So we may set (¢z)* = 1 and thus (B.14) becomes zero. Thus it is enough
to evaluate the [0, z]-part (B.13). Then, K> 4(2) becomes

P2

K q4(2) = B—AICq(z). (B.17)
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For K, 4(z) with general n, it is also enough to evaluate the z’-integral over [0, z] in the
recursion relation (A.27). We then find

Z)\ "
Koinae) = 00+ 1) (53] Kol (B.15)

Let us find explicit forms of K4(z) and E(z). Here g is one of the three-momenta
k1, ko, k3 in the three-point function of our interest. Before taking the infinite sum in the
definitions (A.34) and (A.35) of E and K, let us clarify the power structure of K 4(2) and
E(z). As in the non-derivative case, we rescale the integration variable with the reference
momentum k as y = kz in (A.43) and (A.44). Then we can see that —¢~'E and K, are
the power series in the following form: for each n

I\
CorEw, o wE x (TH) aso).

where the approximation (4.5) was applied. Therefore, in the IR scale characterized by
¢k=> /X = O(1), it is enough to pick up the A-leading contributions to K, 4 and —Q_SflE,(@gB)
for each n in order to extract the A-leading contributions to (A.34) and (A.35). Substitut-
ing (B.5) and (B.18) into the definitions (A.34) and (A.35), we find

-2

Kq(2) = (1—93;; ) Kal2), (B.19)
o\

E(z) = (-d) (1—93:3) A, (B.20)

Since we can use the approximation (kz)* = 1 inside the integral (A.44), these forms can
be simplified further,

Ko(z) = <1 _ 93‘?}’;» - Ko=), (B.21)
E(2) = (—¢) (1 - 93§];_A>_1 . (B.22)
Similarly, we may simplify K, () and E'(2) as
K/ (2) = (1 - 93‘{2’;4) _QK;(Z) , (B.23)
E(2) = (—)@) (1 - QB?Z)i_A)QZH . (B.24)

B.3 From AdS to dS

We have obtained from the AdS action (A.1) the integral expressions for the full two-
point and three-point functions and the explicit forms of the effective propagators. Now,
following section 3.3, we convert them into the forms associated with the UV CFT dual
to our inflation model (in dS). To achieve this, we apply the replacement (3.20) after
recovering the AdS radius dependence using the rule (A.19). The result is the following:
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(i) Effective bulk-boundary propagators for (A.44)

—27, -2\ 2
K3(z) = (1 + mf) Kql2), (B.25)
2772\ ¢
EB(z)=—¢ (1 + 931%(1;;%) P (B.26)

Their derivatives corresponding to (B.23) and (B.24) may also be obtained in a
similar way.

(ii) Integral form of the two-point function

2m m—
(Oo(q)00(—q))" = — Rﬁqu(Z)‘B_QA] + Z ﬁam(RdS)Q( D x
m>2

X /O dzz2 M E (2)2m7D {(2m — 1)K (2)? — ¢* K q(2)*} .

(B.27)

(iii) Integral form of the three-point function
(Oo(k1)O0(k2)Oo(ks))’

= —293/Kk1 (Z)Kkz(Z)Kkg(Z) —+ Z Wam(RdS)2(m2) «

m>2
[T DB e - DK () K (2K, (2

. (kzl.k2Kkl(z)Kk2(z) 1, (2) + (231) + (312))}. (B.28)

C three-point functions with two nearly marginal scalars
In this appendix we compute CFT three-point functions
(O1(k1)O2(K2)O3(k3)) cpr (C.1)

of two nearly marginal scalars, O1 and O, and one scalar O3 with a conformal dimension
close to a non-negative integer n. More explicitly, we parametrize the dimension A; of

O; as
A1 =34+umA, Ay=34+wmA, Asz=n+uvgA, (C.2)

where A\ < 1 characterizes the deviation from marginality and integer dimension, and we
focus on the leading order in A of the three-point functions.

As we mentioned earlier, a CFT three-point function of primary scalars of dimensions
A; (i =1,2,3) can be uniquely fixed by the conformal symmetry as [50]

(O1(k1)O2(k2)O3(k3)) = 0123kA1+A2+A3_3Ig_1{A1—g,Az—g,Ag—g}("”m Ko,k3)  (C.3)
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up to the OPE coefficient Cj93. Here we introduced k = ki + ko + k3 and x; = k;/k. We
refer to the function I,¢g, g, 3,3 as the triple-K integral [49-51] defined by 7

oo
T a1, 0) = WP | Gy (1) K (a0 Ky (ka) . ()
0

where K, (z) is the modified Bessel function of the second kind. Refs. [50, 51] studied
properties of the triple-K integral in detail. Here we give a brief summary of their results
we will use. The integral (C.4) converges if the parameters satisfy a+1 > |51| + | 52| + | 3]
for fixed k1, ko, k3 > 0. Outside this parameter region, we define the integral as its maximal
analytical continuation such that the integral coincides with the integral evaluated in the
convergence region. This integral, however, still has singularities for special parameter sets,
defined by a + 1+ 81 &+ 82 + B3 = —2n for n = 0,1, ..., where the choice of the three +
is arbitrary. In particular, for our parameter set (C.2), the triple-K integral is singular in
the limit A — 0. In the following we compute the triple- K integral for (C.2) at the leading
order in A by applying the discussion in [51].

C.1 General results

By using the series expansion of the Bessel K function,

(=)’T(Fv — )
oEv+2j+141

[e.e]
- —v+2j 2j . +
K,(z) = Z [aj (v)z V%0 + aj(y)z”+ 7} with a; (v) == (C.5)
=0
we notice that the integrand of the triple- K integral of our interest contains terms schemat-

ically of the form,

-~ Zx—lin+2j+0()\) : Zx 1£(n—3)+2j+0(A Zx (n—6)+2j+0(X) (C.6)
j=0 Jj=0

Here for notational simplicity we omitted the coefficients of each term, which are of O(\).

—1+O0(N)_terms when n > 0, i.e., when Oj

has a non-negative dimension close to an integer. Since [drxz 1T} = a/\qro"\, one may

An important point is that there always appear z

naively expect that the singularity of the triple- K integral in the A — 0 limit is associated

—14+0())

with those -terms. Indeed, ref. [51] showed that the singularity in this limit arises

only from the integration over a region around z = 0 of 2=t _terms, by virtue of the
maximal analytic continuation. Based on the argument in [51], we apply the following
recipe to compute the triple-K integral at the leading order in A:

1. Expand the integrand of the triple- K integral (C.4) in z using (C.5).

2. Then, collect the z7t°M_terms and integrate them over a region around z = 0

H 1
/ dz xflJra)\ _ 7Ma)\
0

using

Y a)\ 1+ O(aAInp)], (C.7)

where 1 < 1 is the cutoff satisfying the condition |aAln u| < 1.

"Note that the triple-K integrals take the same form, up to an overall numerical constant, as the
three-point correlation function computed with the Witten diagrams in (d+ 1)-dimensional AdS spacetime,
in which the coefficient Ci23 is determined from the bulk action in AdSq4+1, and the z-integral in (C.4)
corresponds to the integral in the radial direction of AdSg4 ;.
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This procedure gives us the leading contribution to the triple- K integrals in the A expansion.
Now it is straightforward to compute the triple-K integral. Below, we first explain the
computation for the n = 0 case in detail, and then present the results for general n.

Detailed explanation for n = 0. We start from a detailed explanation for the n = 0

140N\

case. In this case, the integrand has three types of ™~ -terms:

gl (vrtvatea), o (2 + 111/\> ag <;’ + va) ag < - g + Ug)\)

3 3 3
+ (/-;1)3+2”1)‘(143)_3"'2”3)‘30_1"'(”1_U2+”3))‘ 0«3 < + Ul)\> ag <2 + 1)2)\> ag < -3 + 03)\>

2
3 3 3
+ (kg)P 2022 (jgg) ~3H2v3A g1 (murFvatus)A ag 3 + v1)\> ag (2 + v2>\> ag ( —3 + US)\> .
(C.8)
By applying eq. (C.7), we find

T3 4n 2 ar = gy (s Rz, Fig)

_ o (3)ag (5)ag (=3) <m>3 ag (3) ag (3)ag (=3)

 —(v1 +va +v3)A K3 (v1 — vg + v3)A
AN G

K3 (—’Ul + V2 —|—1}3)>\
3/2 1 3 3
_ T [ (k1/3) (ra/ia)” | o0y, ()
6v2\ | —(v1+v2+w3) wvi—v2tus v +vatus
Here we have used (k;)* =1+ Alnk; 4+ ... = 1+ O(X). This approximation is applicable

as long as [A1n(k;/k¢)| < 1, which is indeed the case (4.5) in our inflationary discussions.

Three-point functions for n = 1,2,3. In a similar manner we may compute the
integral for n = 1,2, 3 as follows: for n =1,

w3/2 (k1)? + (K2)* — (k3)?

I = o).
%{%+v1)\,%+v2>\7—%+y3)\}(’%17H27K3) 4\/§(U1+'U2—'U3)>\ K3 + ( )
(C.10)
For n =2,
/2 2 2 2 0
I K1, Ko, k3) = K1)+ (k) — (K +O(\Y).
%{%—&-vl)\,%—kvg)\,%—&-vg,)\}( 1, R2 3) 4\/§(v1—|—v2+v3)/\ ( 1) ( 2) ( 3) ( )
(C.11)
For n =3,

I%{gwm,%mx,%ww(”1’ K2, K3)

3/2 3 3 3
_ ™ (’%3) (KQ) (’%1) + O()\O) ) (0‘12)
6V2\ | —v1 —v2+v3  —vi+v2—v3 vl — V2 — U3
In particular, when v1 = v = v3 = —1, i.e., A1 = Ay = A3 = 3 — ), it reduces to the form,
/2 3 3 3 0
I%{%—A,%—A,%—A}(’flw‘fza"53) = 6var (k1)” + (K2)” + (K3) } +O(\"). (C.13)
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General expression for n > 4. It is not difficult to derive the general expression for

n > 4. For an even n > 4, we have

Ié{%—l—vl)\,%—&-vgk,n—%—kvg)\}(K“l’ K2, K‘3>
e
25(’[)1 + v + ?}3))\

(I€1)2j1(li2)2j2 (n3)2j3 3 . 3 . 3 .
) r(2 (2 —j)r(n-2-
8 J1lj2!js! 2 /! 2 2 "t

Jitiat+iz=%
J1,52,9320

(=) (k1) (r2)?
2%(’01 + V9 — U3))\

(k1)1 (K2) 22 (k3) 23 3 3 3
S r(-2 -4 )0 (-2 —jo)T(n-2—
8 J1lje!ss! 2 ! 2 2 Tt

Jitiatia="5°
J1,52,3320

+ 0\, (C.14)

X

where the second term should be omitted when n = 4. Similarly, a general expression for
anoddn >5is

I%‘FU)\{%-F’Ul)\,%-I—UQ)\,n—%-I—’Ug)\}(Hl’ k2, Kj?’)
n+3

(=)= (k)

(—v1 +v2 —v3)A
(Fcl)le (HQ)QjQ(R3)2j3 <3 . ) < 3 ‘ 3 ‘

x 1 P\s—n)l{—5—7|T|n—5—-1Js

jl+jz+zj;=”23 Juli2gs: 2 2 2

J1,32,9320

+3
2 (k)?

()2
2%(’01 — V2 — 1)3))\
(K1)t (#2)>72 (K3)8 3 3 3
J1,J2,j320
+O0(\Y). (C.15)

N

2

+

C.2 Squeezed limit

We then discuss the squeezed limit k1 < ko = k3 = k of the triple-K integral obtained
in the previous subsection. For n = 0,1,2,3, we may use the concrete expressions (C.9)—
(C.12) to conclude that the triple-K integral for n = 1,2 vanishes in the squeezed limit for
arbitrary v;’s, whereas that for n = 0, 3, it does not vanish for a generic set of v;’s. For an
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even n > 4, the squeezed limit is

nlligo I%{%+U1)\7%+U2>\,n—%+v3>\}(H17 K, K;)
_ Er ) L(3-5)l(n=3—Js)
22 (v + v2 + v3)A jotdaed J2'Jjs!
J2,J320

+ 0. (C.16)

Similarly, for an odd n > 5, we have

lim Il+u)\{%+v1)\,%+v2)\,nf%+v3/\}(’il7 Ky ’%)

k1—0 2
()3T (3) k"

5 Ps=2)T(=5-0) | 500y (o)

52 Vil
22 (—vy + vy — v3)A Jatgam s NPAVEL
J2,3320
Interestingly, by using the relation
m . .
N(—a—j)T
3 (ca-jllmtots) = o = (C.18)
FG+1)T(m—j+1) asinTa

j=0

it turns out that egs. (C.16) and (C.17) are identically zero. Note that it is easy to see that
the first nonzero contribution in the squeezed limit is O((x1/x)?). We therefore conclude
that the triple-K integrals associated with CF'T three-point functions of two nearly marginal
scalars and one scalar with the conformal dimension close to a non-negative integer n vanish
in the squeezed limit, except for the case n = 0,3, at the leading order in .
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