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Correlating correlation functions of primordial perturbations
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We explore the correlations between correlation functions of the primordial curvature perturbation

produced during inflation. We find that for general single field inflation, other than the source terms which

depend on the model details, higher order correlation functions are characterized by the power spectrum,

its spectral index and running. The correlation between the bispectrum and power spectrum is presented

as an explicit example of our systematic approach.
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I. INTRODUCTION

Recent progress in understanding effective field theo-
ries for time-dependent backgrounds has significantly
broadened the scope of inflation and its predictions [1].
Heavy field effects which are justifiably described in
effective field theories are shown to be capable of leaving
observable imprints in a cosmological background by
reducing the effective speed of sound for the curvature
perturbation [2,3]. Inflationary dynamics involving heavy
degrees of freedom can lead to oscillatory features in the
power spectrum and a resonantly enhanced bispectrum
[4,5] (see also [6]). The outliers in the power spectrum of
the cosmic microwave background [7] and hints of
primordial oscillatory signals in the bispectrum [8] could
well be echoing the effects of heavy fields during
inflation.

More generally, features that leave transient signals in
the observable correlation functions can be generated by
various mechanisms, such as a kink in the inflaton
potential [9]. Once generated, the effects permeate any
correlation function through the mode function solution
of the curvature perturbation. Thus, the correlation
functions of the primordial perturbation are all correlated
and this offers a unique opportunity to detect higher order
correlation functions. Given the null detection of the
bispectrum from Planck [8], detecting signals correlated
in a certain manner is much more probable than blindly
looking for them.

In this article, we study how to correlate the correlation
functions of the primordial curvature perturbation by using
the general slow-roll formalism (GSR) [10]. Explicitly, we
find that, other than source terms, higher order correlation
functions can be characterized by the power spectrum, its
spectral index and running for general single field infla-
tion, regardless of whether there are features or not. Thus

1550-7998/2014/89(6)/063540(5)

063540-1

PACS numbers: 98.80.Cq

our formalism has a wide range of applicability to
inflationary scenarios. While the consistency condition
of [11] relates the three-point function to the two-point
one in the squeezed limit,' the correlations we found are
not limited to a special kinematic limit. We present the
bispectrum® as an example and discuss two simple cases
where correlated features in the power spectrum and
bispectrum can arise.

II. GENERAL SLOW-ROLL FORMALISM

We first extend GSR to general single field theory with
the matter Lagrangian P(X = —0/¢0,¢/2,¢) in a form
appropriate for our purpose. At second order, the
general effective action for the comoving curvature per-
turbation R is

52
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where € = —H/H? and ¢, is the speed of sound. Introduc-
ing new variables [15] z* = 2a2m12,1€/cs, y = V2kzR,,
dx = —kdr = —kcydt/a and f=2nxz/k = f(logz), we
find the mode equation which follows from this action
given by

"The consistency condition of [11], which was generalized to
higher order functions in [12], was used in [13] to derive a
theoretical upper bound on the frequency of oscillations in the
scazlar perturbation power spectrum of single field inflation.

In [14] the bispectrum was computed based on GSR,
emphasizing the case with features in the inflaton potential. In
this article we consider more general possibilities, and more
importantly, we discuss the bispectrum as a nontrivial example to
show the explicit correlation to the power spectrum.
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where f' = df/dlog . The homogeneous solution which
satisfies the boundary condition to reproduce the usual
Minkowski mode function as —kz — oo is the pure de Sitter
mode function, yo(x) = (1 + i/x)e™. Then, with g being a
small perturbation, we can write the perturbative solution of
y(x) using the Green’s function [16]:

i

() = yol) + 5 [ allog oo
= yo(u)yp (¥)ly(u). 3)

Then, up to the first order corrections, we have the power
spectrum [10]
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where W(x) = =30 [yo(x)]|I[yo(x)]/x, and we can define
another window function X(x) = 3{N[yy(x)]}?/x [see
(13)]. This formula is valid for models where the usual
slow-roll approximation is not effective because of features
in the inflaton potential [17].

Given that we have expressed the power spectrum purely
in terms of the GSR fundamental function f = f(log7) and
its first and second derivatives, we can invert (4) to write f
in terms of Py [18]:
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Hence, f'/f as well as g, the source of the power spectrum,
can be written in terms of Pz and its first two derivatives,
i.e. the spectral index and the running:
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In summary, given the power spectrum, we can construct
the GSR fundamental function f and thus the mode
function solution (3). This in turn enables us to explicitly
correlate other higher order correlation functions with the
power spectrum.

III. SAMPLE CORRELATION: BISPECTRUM

To be more specific, we now compute the bispectrum
and explicitly correlate it to the power spectrum. Starting
from the cubic order action [11,19] (see also [20]),
an immediate difficulty we face when we apply GSR
is that with many time derivatives the formulas become
highly nontrivial. This is because the full GSR solution
y(x) is a perturbative series and the number of terms we
should incorporate increases rapidly. Thus, we first need
to reduce the number of time derivatives to save our
labor. For this, we make use of the linear equation of
motion,
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where n = ¢/(He) and s = ¢,/ (Hc,). Denoting schemati-
cally the coefficient of R inside the square brackets as
C = H(3 +n—-2s), the term R* in the cubic action can
be written with one time derivative on R? as
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where A denotes schematically the coefficient of R3, and
we have omitted the spatial gradient terms which are
suppressed on large scales. Thus we see that essentially
we can reduce R’ term to d(R%)/dtr with a field
redefinition which includes more terms multiplied by
the linear equation SL/SR|;. We can proceed similarly
for the R*R term, and we find, with B denoting the
coefficient schematically,
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Explicitly writing out the coefficients, the cubic order
action from the matter sector, which is less suppressed
than that from the gravitational sector and thus more
relevant for observations, is given by
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whereu=1-1/c2, E=em}H* /2, A=X*Pxx +2X*Pyxx/
3and [ = A/(HA).

The “source function” gy for the bispectrum is obtained
by multiplying the coefficient of d(R?)/dr by —c,z/
(a®*m3ef). In particular, if we are interested in the case
where a heavy degree of freedom is responsible for a
nonunity ¢, [2], we find simply that

1
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Then, the bispectrum up to first order corrections is found
to be [14]
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FIG. 1 (color online).

(dashed) configurations (middle panel). We also present the difference Afy; = fni (direct)
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Plot of APy /Px (top panel) and fy; projected on equilateral (solid), folded (dot-dashed) and squeezed

— fx(inverse) (bottom panel). In the left

panel we show the linear slope change with AA/A = 0.1, and in the right panel the case is presented where c;2 = 1.1 for limited e-folds

AN = 0.15, otherwise c;> = 1.
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where f'/f and g are given by (6) and (7) respectively in
terms of Py and its derivatives, d, = d/dlogz + 3 and
additional window functions are constructed from y, as

Yo(ki7)yo(kat)yo(kst) = Wy(ky, ky, k33 7)
+ iXp(ky, ky, k35 7),

yo(klf)yo(kﬂ))’é(kﬂ) = Wg(ky, ky, —k3;7)
+ iXB(kl,kz,—k3;T)
= Wps + iXps. (14)

In (13), the implicit dependence of 7 on ¢ does not matter
practically, since we can make all the inner integrations
with respect to 7 from O to co by incorporating appropriate
step functions. Then the information on the speed of sound
is encoded in f, and in turn in Pg.

Before we proceed, we turn to the effective field theory
point of view [1]. In that perspective, the effective action
is specified by a set of mass scales M%, which are
essentially the expansion parameters of the effective field
theory and are in principle independent couplings. Up to
cubic order, the action is completely specified by M3 and
M‘3‘. As can be read from (1), ¢, is determined at second
order, viz. by M3, but M3 is to be specified independently
[21]. This appears in (13) as the bispectrum source g,
which in general is independent from the power spectrum
source g. Nevertheless, we expect that M3 is related to M,
with the precise form being dependent on specific models.
For example, M3/M3 =3(1 —c;2)/2 for Dirac-Born-
Infeld inflation [22] and 3(1 — ¢;2)/4 when a single heavy
degree of freedom is integrated out [3]. The source gp can
be explicitly connected to Py, for specific cases [5].

We now present two simple illustrative examples. We
specifically choose examples in which features arise to
exhibit the generality of our approach vis-a-vis e.g. effective
field theory approaches. First we consider an inflation model
[9] where the slope of the linear potential changes abruptly
from —A to —A — AA at ¢ = ¢pg. The usual slow-roll
condition is violated at ¢, since V" experiences a sharp
change, which causes oscillatory features. If [AA/A| < 150
that the approximate scale invariance of Pz is maintained,
we can write the bispectrum source as gz = —(f'/f)'/f. In
the left panel of Fig. 1 we show the results with AA/A = 0.1
so that the slope becomes steeper with time. Then the power
spectrum is suppressed for ¢p > ¢, as shown in the plot. To
estimate the shape and magnitude of the bispectrum, we may
define a dimensionless shape function as

10 kikoks  (kikyks)*Br

ki, ky k3) =— ,
fNL(l 2 3) 3k?+kg+kg (27[)4A%

(15)
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where A% = 2.215 x 107 is the observed amplitude of the
power spectrum [23]. In the lower left panel shown are
i (ky,ko,k3) projected on equilateral (k, /k; = k3 /k; = 1,
solid line), folded (k,/k; = 1 and k3/k; = 2, dot-dashed
line) and squeezed (k,/k; = 1 and k3/k; < 1, dashed line)
limits, and the difference of fy; computed by direct
calculations and by inverse formula, Afy; = fnr (direct)—
fu(inverse). Likewise, in the right panel of Fig. 1 we show
the case where c;? exhibits a top-hat change [24] from 1 to
1.1 for limited e-folds 0.15.

IV. CONCLUSIONS

To conclude, we have presented a systematic approach
for correlating the correlation functions of the primordial
curvature perturbation produced during inflation. We have
shown that in general, other than the source terms, any
higher order correlation functions are characterized by the
power spectrum, its spectral index and running. This
approach should be useful in the search for higher order
correlation functions of primordial perturbations.
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