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Abstract. In this article, we discuss a least-squares/fictitious domain method for the
solution of linear elliptic boundary value problems with Robin boundary conditions.
Let Q) and w be two bounded domains of R? such that @ C Q. For a linear elliptic prob-
lem in Q\@ with Robin boundary condition on the boundary <y of w, our goal here is to
develop a fictitious domain method where one solves a variant of the original problem
on the full (), followed by a well-chosen correction over w. This method is of the virtual
control type and relies on a least-squares formulation making the problem solvable by
a conjugate gradient algorithm operating in a well chosen control space. Numerical re-
sults obtained when applying our method to the solution of two-dimensional elliptic
and parabolic problems are given; they suggest optimal order of convergence.
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1 Introduction
Fictitious domain methods for the solution of partial differential equations are very useful
methods for the solution of complicated problems. To the best of our knowledge, these

methods have been introduced by Hyman [1] and further investigated by many authors;
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let us mention, among others, Saul’ev [2,3] and Buzbee, Dorr, George and Golub [4]. In
Glowinski, Pan and Periaux [5-7] and Glowinski, Pan, Kearsley and Periaux [8], ficti-
tious domain methods were discussed for the solution of Dirichlet problems, the Dirich-
let boundary condition being enforced as a side constraint, using a boundary supported
Lagrange multiplier. A volume-supported Lagrange multiplier based fictitious domain
method was introduced in Glowinski, Pan, Hesla, Joseph and Periaux in [9], the main mo-
tivation of these authors being the direct numerical simulation of particulate flow when
the number of particles exceeds 10°. Initially tested on particulate flow with spherical
particles, the method discussed in [9] was generalized to situations involving particles
with more complicated shapes, as shown for example in Pan, Glowinski and Galdi [10].

The main idea behind fictitious domain methods is to extend a problem initially posed
on a geometrically complex shaped domain to a larger simpler domain; this provides two
main advantages when constructing numerical schemes: (i) the extended domain is geo-
metrically simpler and allows the use of fast solvers. (ii) The same fixed mesh can be used
for the entire computation, eliminating thus the need for repeated re-meshing and pro-
jection. All the studies that we know of, concerning the application of fictitious domain
methods to the simulation of particulate flow, consider no-slip boundary conditions at
the interface between fluid and particles. There are situations however, in micro-fluidics
for example, where a slip condition on the particle surface is more realistic than the no-
slip one. If the no-slip boundary condition on the particle surface is replaced by the
Navier slip boundary condition, the volume-supported Lagrange multiplier based ficti-
tious domain methods discussed in [5-10], which rely on H l_extensions, are not easy to
generalize to the slip situation.

The main goal of the present article is to discuss the solution of linear elliptic bound-
ary value problems with Robin boundary conditions; we see this as a first step to the con-
struction of fictitious domain methods suited to slip boundary conditions. The method is
of the virtual control type (in the sense of ]J. L. Lions; see [11]) and relies on a least-squares
formulation making the problem solvable by a conjugate gradient algorithm operating in
a well-chosen control space.

The formulation of the boundary value problems is given in Section 2. In Section 3,
we describe a least-squares/fictitious domain method for the solution of linear elliptic
problems with Robin boundary conditions. In Section 4, we discuss the conjugate gra-
dient solution of the least-squares problems introduced in Section 3. The finite element
implementation of the above methodology is discussed in Section 5. Finally, we present
in Section 6 the results of numerical experiments; in particular, these results suggest op-
timal order of convergence for various norms of the approximation error.

A (brief) history of fictitious domain methods can be found in, e.g., [12, Chapter 8].

2 Formulation of the boundary value problems

Let Q and w be two bounded domains of R?, such that d>1 and @ C Q (see Fig. 1). We
denote by I and vy the boundaries of () and w, respectively.
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()

Figure 1: Problem geometry.

The Robin-Dirichlet problem under consideration reads as follows:

ap—uV2p=f, in O\, (2.1a)
#):go, on F, (Zlb)
)

(Gt o =

where a (resp. j) is a non-negative (resp. a positive) constant, f € L2(Q\@), go € H¥?(T),
g1 € H'2(7), n is the unit normal vector at 7 pointing outward of Q\@ and [ is a char-
acteristic distance. We assume that () is convex (or has a smooth boundary) and that 7y
is smooth. Problem (2.1) has a unique solution in H2(Q\@) which is also the solution of
the following linear variational problem:

peH(QO\W), $=go, onT, (2.2a)
H
dx+ / Vy-Vod +—/ d
‘X/Q\wwq) s O\@ P Veax I yl’bq) v
= / fodx+ / g19dy, VoeVy, (2.2b)
O\w v

where dx=dx; ---dx; and Vo={¢|p € H' (Q\w), =0, onT}.

3 A least-squares/ fictitious domain method for (2.1) and (2.2)

3.1 A fictitious domain formulation of problems (2.1) and (2.2)

We proceed as follows to define a fictitious domain variant of problems (2.1) and (2.2):
(i) To v € L?(w) we associate f(v) defined by

f)el?(Q),  f@law=f fO.=2 (3.1)
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and then the solution {y1,1,} of the following elliptic system

apy —uV2p = f(v), in Q, P1=x0, on T, (3.2a)

% = Elpl—gl, on 7. (3.2b)

ay — UV =0, in w, Ha, = L

Both problems (3.2a) and (3.2b) have a unique solution in H'(Q)) and H!(w), respectively
(actually, ¢, and ¥, have both the H?-regularity).

(ii) We define A: L2(w) — H'(w) by
A(v)=(Y2—91)|w, (3.3)

operator A is clearly affine and continuous.

(iii) We observe that if v verifies A(v) =0, then ¢, =1 on w and it is easy to see
that the H2-regularity of ¢; and ¥, implies that i lovw = ¢, where ¢ is the solution of
problems (2.1) and (2.2). We still have to show that indeed the functional equation

A(u)=0 (3.4)

has a solution and to discuss is numerical solution. In that direction, we are going to
prove the following.

Theorem 3.1. The functional equation (3.4) has a solution.

Proof. We prove the existence by constructing such a solution. Due to the H?-regularity
of the solution ¢ to problem (2.1), we have

3
plyeH2 (7). (3.5)
Since g1 € H'/?(y), there exists an infinity of functions 6 € H?(w) such that

06
0ly =1l $:%—%/ on 7. (3.6)

One of these functions 6 is the unique solution in H?(w) of the following linear bi-
harmonic boundary value problem:

, 0 _ ¢ &
4y _ .
V=0, inw, 6,=vl,, on L0 on 7. (3.7)

Consider 6 € H?(w) verifying (3.6); from 6 define uy by

ug=ah—uVv>26. (3.8)
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The H2(w)-regularity of 6 implies that s € L?(w). Next, we define f (i), 11 and ¢, by

flug)=f, in O\w and f(up)=uy, in w, (3.9a)
=9, in Q\w and y;=90, in w, (3.9b)
o= 0, in w. (3.90)

Since 1 and 9y /9dn match, respectively, 6 and 06/0n on vy, the function ¢; defined by
(3.9b) belongs to H2(Q)). Thus 1; and ¢, in (3.9b) and (3.9¢) satisfy (3.2a) and (3.2b) for
v=1ug and

A(ue) =0.
This concludes the proof of the theorem. O

Remark 3.1. Problem (3.4) can be viewed as an exact controllability problem in the sense
of [13]. From a practical point of view, problem (3.4) has an infinity of solutions. If a
conjugate gradient algorithm is applied to a least-squares variant of (3.4) with 0 as initial
guess, we can expect convergence to the unique solution of problem (3.4) of minimal
norm in L?(w).

Remark 3.2. If there exists a “natural” extension f of f over Q) (that is, f € L2(Q) and
f=f] 0\w) We can replace f(v) in (3.1) by f+vx,. This will modify slightly the least-
squares formulation and conjugate gradient algorithm to be discussed in the following
parts of this article.

3.2 A least-squares formulation of problem (3.4)

A "reasonable” least-squares formulation of problem (3.4) reads as follows: find u €
L%(w), such that

J(u)<J(v), Yoel*(w), (3.10)

with
1
1) =75 [ [alg2—91 P+l (g2 =) P, (3.11)
where 11 and ¢, are the respective solutions in H?(Q)) and H?(w) of

a1 — Vi =f(v), in Q, ¥1=280, on T, (3.122)

. d
wn —uVp =0, in w, y% = %wl—gl, on 7. (3.12b)
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The functional ] is clearly convex and C* over L?(w). Any solution of problem (3.4) is a
solution of the minimization problem (of the virtual control type) (3.10). Such a solution
is characterized by

DJ(u)=0, (3.13)

where DJ(-) is the differential of the functional J. Since the conjugate gradient solution
of the least-squares problem (3.10) will require DJ(.), we will dedicate the next section to
the computation of D] (v), for v arbitrary in L?(w).

3.3 On the computation of DJ(v)

Let us consider v € L?(w); since L2(w) is a Hilbert space, it makes sense to look for D] ()
also in L?(w). To compute D] (v) we will use a perturbation method. Let 6v be a perturba-
tion of v; we have then

= /w D]J(v)évdx
= [ 1802 =908 (2= 90) +V (g2 1) Vo(po—y)]dx,  (314)
with ¢ and d¢ satisfying
Py —sz(Slpl =0vx,, In Q, o1 =0, on T, (3.15a)
Wiy — V3o =00,  in w, y%&pz:%étpl, on 7, (3.15b)
Xw being the characteristic function of w (that is x,(x) =1 if x € w,xw(x) =0 elsewhere).

We introduce now p; € H} (Q)); multiplying both sides of (3.15a) by p; and integrating by
parts, we obtain

/Q [ap18tp1+uV pr - Vg | dx = /w p16vd. (3.16)
Similarly, if we multiply both sides of (3.15b) by ¢» — 11, we obtain
/ [a(p2— 1) 02 +pV (P2 —1p1) - Voipa | dx

=1 [ o—posprar+ [ (pa—yr)ovdx. 3.17)

Suppose that p; is solution (necessarily unique) to the following Dirichlet problem (writ-
ten in variational form): find p; € H}(Q)), verifying

/Q[amqurWPrqu]dx:/w[Dé(lln—¢2)¢+W(¢1—¢z)‘v¢]dx

+E [p2-pgdr, VoeHi(Q).  ©18)
sy
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Since 611 € H} (Q)), it follows from (3.14) and (3.16)-(3.18) that

5](0):AD](U)évdx:A(pl—i—l[)z—l/)l)évdx,
which implies
DJ(v) = (p1=41)|w+ 2. (3.19)

Thus, in order to compute D] (v), we first compute 17 from (3.1) and (3.2a), then ¢ from
(3.2b) and p; from (3.18). Finally, we obtain DJ(v) from (3.19).

4 On the conjugate gradient solution of the least-squares
problem (3.10)
4.1 Generalities

In order to solve the (linear) least-squares problem (3.10), we advocate a conjugate gradient
algorithm operating in the Hilbert space L?(w). Such algorithms and many applications
are discussed in Glowinski [12]. Let us consider the following generic optimization prob-
lem

ueH and j(u)<j(v), VveH, (4.1)

where: (i) H is a real Hilbert space with the scalar product (-,-) and the associated norm
| - ||, and (ii) j is differentiable. Assuming that the minimization problem (4.1) has a
solution, then this solution satisfies

Dj(u)=0. (4.2)

In order to solve (4.1) via (4.2), we advocate the following conjugate gradient algorithm,
operating in the space H (we denote by < .,. > the pairing between H' and H, H' being
the dual space of H):

uis given in H; (4.3)

solve

(8"0)=(Dj(u’),v), VveH, (4.4)
and set

w’= go. (4.5)
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For n>0, assuming that u",¢" and w" are known, compute u"1,¢"*1 and w"*! as follows:

Pn E1{/
ju" —pnpw") <j(u" —pw"), Vp€R,

compute
=u"—p,w",
and solve
¢"leq,
(§"+1,0) = <Dj(u”+1),v>, VoeH.

IF 18" /11 8° | <tol, take u=u"*1; else compute

. g™ |12
g™ 117
and set
n+1__ n+1

W =" ey w".

Do n+1—n and return to (4.6).

4.2 Application of the conjugate gradient algorithms (4.3)-(4.10) to the

solution of the least-squares problem (3.10)

solve

(4.6)

4.7)

(4.8)

(4.9)

(4.10)

Applying algorithms (4.3)-(4.10), with H = L?(w), to the solution of problem (3.10), we
obtain (from the linearity of problem (3.13) and the fact that we identify L?(w) to its dual

space):
ul is given in L?(w),
solve the following elliptic boundary value problems
yreH (Q),
a) —uVi=F(u), in QO and yd=gy, onT,
yreH' (w),

9 0
alpg—yvzlpg:uo, in w and ya lll)l g1, on 7,

pleHy(Q),
/Q [apdp+uVp-Veldx= / [«

Ne+uV (Y] —y9)-Veldx

(i -y
IE[, —¥l)edy, VoeH(Q),

(4.11)

(4.12a)

(4.12b)

(4.12¢)
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and set
L=pl-¢o+yd, w'=g". (4.13)

For n>0, assuming that u",¢" and w" are known, the last two different from 0, we compute u”‘”,g”Jrl
and w"t1 as follows: solve

1 € Hy(Q),
ag) —puV2yl =w"x,, in Q and P;=0, on T, (4.14a)
P eH (w),
. 270 o Py _ Hn
ap, —uVep, =w", in w and ‘uW:l_l‘bl' on 7, (4.14b)
S
Pl € Hy(Q),
| [6Po+uVEL-Volax= | [w@ —F5)e-+uV (@ —5) Voldx
| B-Fedr, YeeH)(@), @14
S
and set
=P =¥)lw+ s (4.15)
Next, compute
n 2d
"= M, (4.16a)
[.,g"w"dx
s S —inn/ gn+1 :gi’l _pngﬂ‘ (4.16b)
If
fw|gn+1|2dx < 1ol
L lgoPax =
take u=u"*1 and l/)zl,b?ﬂk)\w: else compute
e Jul8" PP (4.17)
Jol8"Pdx '
and set
W't =g 4w, (4.18)

Do n+1—n and return to (4.14a).

Remark 4.1. If u° is close to u (this will be the case in the context of time dependent
problems, for example) the stopping criterion we used for algorithms (4.11)-(4.18) may
lead to more iterations than necessary. A more realistic stopping test is given by

fw|gn+1’2dx -
max{fw ]golzdx,fw]u”“\zdx} -

Other stopping criteria can be used.

tol.
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5 On the finite element implementation of the
least-squares/fictitious domain methodology

5.1 Generalities

We describe in this section the finite element implementation of the least-squares /fictitious
domain methodology discussed in Sections 4 and 5. We will assume that w C Q C R? and
that () is convex and/or has a smooth boundary; similarly, we assume that 7 is smooth.
For simplicity we still denote by () and w the polygonal approximations of the above
domains. From the triangulations 7, of () and 7}, of w we define the following finite
dimensional spaces:

Vi, ={9lpeC’(@), glrep, vTeT, }, (5.1a)
Vo, ={¢lp€Vi,, ¢=0, on T}, (5-1b)
Vi,={ 9l C°@), plreh, ¥TeT,}, (5.1¢)

P; being the space of the polynomials of two variables of degree <1 and h; (resp. hy) the
length of the largest edge(s) of the finite element triangulation 7, (resp. 7j,). We will use
h to denote the two-dimensional vector {/,h,}. The finite dimensional spaces V,, Vo,
and Vj, are finite dimensional approximations to H!(Q),H}(Q) and H!(w), respectively.
Similarly, we will use V;,, to approximate the control space L?(w).

5.2 Finite element approximation of the least-squares problem (3.10)

To approximate the least-squares problem (3.10), we suggest

uhEth,
Jn(un) <Ju(v), Vo€V, (5.2)
where
In(0)=5 [ [alip2=reags P+ IV (2 =) P 53)

In (5.3), ¢y is the solution of the following fully discrete approximate Dirichlet problem:
lpl € Vh1l lpl =8on,, ON T,
/Q [apr 9+ uVip-Veoldx= /th] qodx—i—/ vma@dx, V&€ Vo, (54)
w

where

(i) gon, is an approximation of go.
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(ii) fu, € Vi, approximates f over Q\w and vanishes at those vertices of 7, belonging
to w.

(iii) 712:C%(QY) — V, is the interpolation operator defined as follows:

N, B
7r2q0:Zgo(Yi)w2i, VoeCl(Q), (5.5)
i=1

N, . . . .
{Yi}i:}% being the set of the vertices of 7;, and wy; the Pj-shape function in V},
associated with the vertex Y; (we clearly have Nj, = dimension of V},,).

Returning to (5.3), the function 1, is the solution of the following approximate Neumann
problem

Yo eV,
/ [alngo+yV1/Jz~qu]dx:/v(pdx—l—lﬁ/(nzlm—glhz)qod'y, VoeV,, (5.6)
w w I

where g1, is an approximation of g;.

As its continuous analogue, the finite dimensional least-squares problem is of the
virtual control type and is well-suited to solution by a conjugate gradient algorithm; a first
step in this direction is the computation of the differential D], of the cost functional Jy,,
an issue to be addressed in the following section.

5.3 On the computation of D]
Proceeding as in Section 3.3, a perturbation analysis would show that

Vo€ Vi, DJn(v)=m2(p1—191)+¢2, (5.7)

where {1,1,} is obtained from v via the solution of (5.4) and (5.6), and where p; is the
solution of the following discrete Dirichlet problem

PlEVOhlz
/Q[“PMOJFVVPTVGO]W:/ [ (7029p1 —2) T2+ uV (7atp1 — o) - Vra | dx

-I-lﬁ/(lpz—nypl)nzq)d’y, Ve Vo, (5.8)
sJy

5.4 On the conjugate gradient solution of the discrete least-squares
problem (5.2)

A finite element realization of the conjugate gradient algorithms (4.11)-(4.18) reads as fol-
lows:

u is given in Vj,,. (5.9)
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Solve

0 0
YieVu, ¢1=8om, onlI,

/Q[al/)?go—l-wa?-Vgo]dx:/ﬂfh]qodx—I—/wuonz(pdx, Vo € Von,, (5.10a)
Y€V,
[ etV Voldx= [ o [ (Frot—gu,)pdr, VopeVi, (G100
P € Von,,
/Q[ocp?qvﬂtvpﬁ’-w]dx:A[w(ﬂztlf?—wé’)ﬂzqowv(ﬂzw%’—t/fé’)-Vﬂzqv}dx
| @3-t mapdy, Voe Vi, (5.100)
Set
=m(pi—¢))+ys, w'=g" (5.11)

Assuming that u",¢" and w" are known, the last two different from 0, we compute
u"1,¢"+ 1 and w1 as follows: find P € Vy,,, verifying

/Q[ocﬂngo-l-yVﬂn-Vq)]dx:/w”nzq)dx, Vo € Von,; (5.12)

find ¢, € V,, verifying

/ [o@gq)-l—yVﬂ-Vq)]dx:/w”(pdx-l—lﬁ/rrzﬁq)d'y, Vo eV, (5.13)
w w sJy

find p € Vy,,, verifying

| 6B+ n Py Voldr= [ [n(nafl =) map-+uV (ol —3) - Vag]d

[ @) gt Vot (514
S
Set
g =P = 1) +¥%, (5.15)
and compute
J18"Pdx
_ Jwl8 4% 5.16
o g o
Lyl —u"—p,", gn+1 =" —p,3". (5.16b)
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If
fw\gnﬂlzdx o]
[ Jg0pdx ="

take u=u"*!and p=y/ " |o\@ else compute

n+1 2dx
Tn= 7f‘j|g‘gn’2|dx (5.17)
w
and
wn-i-l:gn-i-l +’ann- (518)

Do n+41—n and return to (5.12).
Remark 5.1. Remark 4.1 applies also to algorithms (5.9)-(5.18).

Remark 5.2. When implementing algorithms (5.9)-(5.18), we advocate using the trape-
zoidal rule in order to compute all the L2-scalar products and norms over Q,w and 7 (the
integrals of the form [, V6-Vedx or [ V6-Vedx can (and should) be computed exactly
since 0 and ¢ are piecewise affine and continuous implying that V0 and V ¢ are piecewise
constant).

6 Numerical experiments

In this preliminary article we will focus on two-dimensional problems.

6.1 A two-dimensional elliptic problem

We consider as first test problem the particular case of problem (2.1) associated with

e 0=(0,4)x(0,4), w={{x1,x2}| [(xl—Gl)/a]z-i- [(xz—Gz)/b]2<1} with G =Gy =
2,a=1/4and b=1/8.

o f(x1,x)=a(x{—x3)—6u(x1—x2), V{x;,x}€Q\w.

o go=x]—x3, §1=p[3(mx]—npx3

vector at y pointing to w.

e =100, u=0.1, [;=0.1.

)+ (x3—x3)/1s], {n1,n2} =n being the unit normal

The unique solution, associated with the above data, of problem (2.1) in H'(Q\w), is
given by

P(x1,x0) =23 —x3.
Concerning the finite element implementation of the least-squares/fictitious domain dis-
cussed in the preceding sections, we employed for 7}, (resp. 7},,) uniform triangulations
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Figure 2: First test problem: a uniform triangula-

Figure 3: First test problem: a triangulation of w.
tion of Q).

of () (resp. triangulations of w) as shown in Fig. 2 (resp. Fig. 3). We used u° =0 to initial-
ize the associated conjugate gradient algorithms (5.9)-(5.18), and took tol =10~ for the
stopping criterion.

In Table 1, we report for hp =1/40 and h; =1/5,1/10,1/20 and 1/40: (i) the number
of iterations of algorithms (5.9)-(5.18) necessary to achieve convergence. (ii) The approx-
imation error evaluated for various norms.

Table 1: First test problem: summary of numerical results (hy =1/40).

hy | Number of iterations | [ =y li~\w) | [¥—¥nll2i0m) | 1Y —¥nllm s
1/5 34 0.1046 7.8370E-03 0.2855
1/10 61 2.1845E-02 1.9028E-03 0.1423
1/20 59 4.5840E-03 4.7015E-04 7.1089E-02
1/40 68 1.1385E-03 1.1708E-04 3.5518E-02

The results reported in Table 1 suggest:

e for 1; small enough the number of iterations varies slowly with ;.

o [Pn—¥lo( @@= Oh), [l Pn— ¢ [l12(0\w)=O(h7) and || Yn = || i1 ()= O ().

Concerning the decay of the cost function J, defined by (5.3), we have, if h =
{1/10,1/40} (resp. h = {1/20,1/40}), Jn(u®) =3.67 (resp. Jn(u®) =3.35) and J, (u®!) =
420x 1077 (resp. Jn(#*®) =5.11x1077), showing clearly that the computed approxima-
tions of ¢ and ¢, match quite well over w.

In order to further investigate the convergence properties of the methodology dis-
cussed in the preceding sections we performed computations with h, =1/20 and hy =
1/10,1/20,1/40 and 1/80. The corresponding results are reported in Table 2. From these
results we observe that:

o If h; > hy, the number of iterations necessary to achieve convergence does not
vary significantly with h1; on the other hand this number of iterations seems to increase
sharply when h; decreases below h;.
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Table 2: First test problem: summary of numerical results (hy =1/20).

601

hy | Number of iterations | [[¢— ¢y [l1~0\@) | 1Y —¥nll20@) | 19 —¥nllm 0@
1/10 33 2.1845E-02 1.9038E-03 0.1424
1/20 36 4.5840E-03 4.6807E-04 7.1063E-02
1/40 114 2.1385E-03 1.0163E-04 3.5434E-02
1/80 85 3.1514E-03 5.2854E-05 1.7532E-02

e The various approximation errors vary as expected (that is as in Table 1) if /iy > hy;
on the other hand, they vary quite differently if iy <hy, the only one behaving “nicely”
being || Yn—4 || 41 (\@), Which shows a text-book O(h;) behavior as /; varies over the
interval [1/80,1/10]. From these results we suggest to take h; =h; to be on the safe side.

Remark 6.1. If we compare the results obtained with /1y =h; =1/20 with those associated
with hy = hy =1/40, we observe that twice as many iterations are required to achieve
convergence if one uses the finer meshes (suggesting a condition number of the order of
h—2, if we denote by h the common value of h; =hy). On the other hand, the results of
Tables 1 and 2 suggest that

10— ll=@=O0), 1¢n—¢lliz@@=0F), [¥n—%|m@a=00).

6.2 A two-dimensional parabolic problem with fixed w

The second test problem is the parabolic one defined as follows:

aa—f—yv2¢:f, in (Q\w)x(0,T), (6.1a)
0

Y=go, on I'x(0,T), V(%—I—%):gl, on vx(0,T), (6.1b)

P(x1,%2,0) =1po(x1,%2), (6.1¢)

with
o f(x1,x0,t)=(x]—x3)—6u(x1—x2)t, V{x1,%2,t} €(Q\w)x (0,T).
e go(x1,x0,t)=(x3—x3)t, V{x1,x2,t} €T x(0,T).
o g1(x1,20,t) = p[3(mx3—nox3) + (x5 —x3) /Is|t,  V{x1,x0,t} €y x(0,T).

The other data are as in Section 6.1. Assuming that 1o =0, the exact solution of problems
(6.1a)-(6.1c) is given by

P(x1,x2,t) = (x?—x%)t.
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To time-discretize problems (6.1a)-(6.1c), we have used the following backward Euler’s
scheme (with At(>0) the time-discretization step):

¥’ =yu; (62)
for n>1, we obtain ¢" from ¢" ! by solving the following elliptic problem
PP g n O\@
T—w YP"=f(nAt), in OQ\w, (6.3a)
P =go(nAt), onT, (6.3b)
u (aal/;ln + ll;—:) =g1(nAt), on 7, (6.3c)

above, (nAt) denotes the function {x1,x2} — ¢(x1,x2,nAt).

The fictitious domain/least-squares/finite element/conjugate gradient methodology
discussed in Section 5 still applies here since problems (6.3a)-(6.3c) is clearly of the same
type as the one discussed in Section 6.1. When applying the conjugate algorithms (5.9)-
(5.18) to the solution of the space-discrete least-squares problem associated with (6.3a)-
(6.3c) we have taken u” =0 (resp. u° equal to the solution at the previous time step) if
n=1 (resp. if n >2). With this (quite natural) initialization strategy the number of conju-
gate gradient iterations necessary to achieve convergence drops very quickly to a small
number (less than 10, typically) as n increases. The results reported in the Tables 3 and
4 have been obtained with At=10"3. On Table 3, we have reported the results obtained
at t =1, using hp =1/40 and h; =1/5,1/10,1/20 and 1/40. From the linearity of the
solution with respect to ¢, the approximation error is not affected by At. On the other
hand, the approximation errors resulting from the space approximation behaves like
those in Section 6.1, namely (with obvious notation): || $3*(1) =9 (1) || 1w = O(h1), ||

P (1) =91 203 =O(h7) and || " (1) =9 (1) |1 (\@)= O (1) The results reported

Table 3: Second test problem: summary of numerical results (fip =1/40, At=1073,t=1).

h | Yy=dnllicaw) | 1= lliow | 1P=¢nlmos
1/5 4.8078E-02 8.4802E-03 0.2841
1/10 1.1891E-02 2.1089E-03 0.1420
1/20 2.9706E-03 5.2664E-04 7.1031E-02
1/40 7.6868E-04 1.3102E-04 3.5513E-02

Table 4: Second test problem: summary of numerical results (hp =1/20,At=1073,t=1).

| Yy=dnllicw) | 1$=nllizow | [¢=nlmae

1/10 1.1891E-02 2.1097E-03 0.1421
1/20 2.9706E-03 5.2678E-04 7.1131E-02
1/40 3.0504E-03 1.3426E-04 3.5766E-02

1/80 5.5356E-03 6.9825E-05 1.8125E-02
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in Table 4 lead to the same conclusions as the one in Table 2. Comparing the results in
both tables we come once again to the conclusion, concerning the choice of /11 and hy, that
the safest strategy is to take equal these two space-discretization steps.

6.3 A two-dimensional parabolic problem with moving w

As third test problem, we consider a variant of problems (6.1a)-(6.1c) where the ellipse w
is subject to a rigid body motion obtained by the addition of a uniform translation and
constant angular velocity rotation; we assume that at t =0, w coincides with the ellipse
encountered in Sections 6.1 and 6.2. We assume also that # and /s are as in Sections 6.1
and 6.2. Since w(t) (the position occupied by the ellipse) is known in advance, we can
easily construct f,go and g; such that the exact solution will be given again by

Ppxn,22,t) = (1 —23)t

(implying that, necessarily, ¢ =0).
When implementing the methodology discussed in Section 5 to the solution of the
moving w variant of problems (6.1a)-(6.1c), one encounters two complications, namely:

1. When approximating 9y /9t by (" —¢" 1)/ At, we have to overcome the difficulty
associated with the fact that ¢" is defined over Q\@(nAt), while ¥"~! is defined over
Q\w((n—1)At). Fortunately, our fictitious domain approach provides a simple solution
to this problem, namely: replace "~ by /! lo\@(nar)-

2. Let us denote by u%" the function, belonging to L?(w), used to initialize the con-
jugate gradient algorithm for solving the least-squares problem associated with step 7.
When w is fixed, we advocated in Section 6.2 the following initialization of the conju-
gate gradient algorithm solving the least-squares/ficititious domain problem: if n =1,
use u%1=0; if n>2, take for u%" the solution u" ! of the least-squares problem associated
with the previous time step. If w enjoys a rigid body motion the situation looks more
complicated; to overcome the above difficulty, we suggest the following approach:

(i) Denote by F!!_, the rigid body displacement mapping w((n—1)At) onto w(nAt), and denote
by Fﬁfl the inverse mapping of F},_;.

(i) At step n (with n>2), initialize the conjugate gradient algorithm with %" defined by
uO,n :un—lon—l‘

Other possibilities exist, but the above one is the simplest, and is particularly easy to implement
if the triangulation 7}, enjoys the same rigid body motion as w.

If At is small enough, the number of conjugate gradient iterations drops quickly as n
increases. The numerical results obtained for various values of h; and hy have been re-
ported in Tables 5 and 6. The results of Table 5 suggest that for , given and hy > hy we
still have

IPn =920 =0H7) and  [[¢n—9 || mong)=O(h);
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Table 5: Third test problem: summary of numerical results (b, =1/40,At=1073,t=1).
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| Y=vnllicw | 1¥=¥nllzow | Y=o
1/5 4.8078E-02 8.4602E-03 0.2834
1/10 1.1891E-02 2.1054E-03 0.1417
1/20 2.9706E-03 5.3114E-04 7.0958E-02
1/40 1.3715E-03 1.4354E-04 3.5606E-02

Table 6: Third test problem: summary of numerical results (b, =1/20,At=1073,t=1).

h | lY=tnlli~0w | 1Y=tnllizow | 1Y=¥nllmow
1/10 1.1891E-02 2.1082E-03 0.1421
1/20 2.9807E-03 5.3120E-04 7.1158E-02
1/40 3.2653E-03 1.4435E-04 3.5788E-02
1/80 5.8054E-03 7.5073E-05 1.8267E-02

on the other hand, it seems that the error || n— ¢ ||1~(q\w) is still O(h3) if hy > hy =
1/40, but is close to O(h1) when hy gets closer to hip. The results of Table 6 confirm the
deterioration, already observed in Sections 6.1 and 6.2, of || pn— 4 || L~ (@) if 11 <h2 and
strongly suggest that, as before, the safe choice is hy =h,.

Remark 6.2. Using ¢} ! |o\@(nat) to approximate "~ 1in (6.3a) is a good strategy as long
as the displacement of w during the time interval (n —1)At, nAt is small, compared to h;
and hy. If At is fixed and we decrease h; and h; we can expect, beyond some threshold,
a deterioration of the approximation errors, the first error to be affected being || ¥, —
¥ |~ (@), as shown by the results of Tables 5 and 6.

7 Further remarks and conclusions

Before we conclude this article, some remarks are in order:

Remark 7.1. We can easily modify the method discussed in Sections 3, 4 and 5 in order
to handle other boundary conditions than Dirichlet on I' and Robin on «. In particular, it
is very easy to treat Neumann conditions on 7.

Remark 7.2. The method discussed here is particularly robust since it has been able to
handle accurately situations where w is a rectangle, implying that )\ @ has re-intrant
corners which in principle affects the regularity of the solutions.

Remark 7.3. In the above sections we have been assuming that () contains only one sub-
domain w. However, we can easily consider cases where () contains a large number (let
us say > 10? ) sub-domains wj,j=1,---,], possibly moving in time, as it will be the case
for particulate flows, which is our main motivation for these fictitious domain related
investigations.
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In this article, we have discussed a fictitious domain methodology for the solution of
linear elliptic problems with Robin boundary conditions. The method relies on a least-
squares formulation of the virtual control type, making it well-suited for solution by a
conjugate gradient algorithm operating in a well-chosen control space. Numerical ex-
periments show that the method discussed in this article performs well for linear elliptic
problems, and for linear parabolic problems as well, even when w enjoys a rigid body
motion. In a future work, we will attempt at generalizing our method to the simulation
of particulate flow with a Navier slip condition at the interface fluid /particles.
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