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A systematic construction of different slice rank

decompositions

@ Assume that

r s t

S a()bily.2) + 3 G)dilx.2) + 3 en(@)filx.y)

i=1 Jj=1 k=1

is a slice rank decomposition of some order-3 tensor T.

@ Then for any fixed pair (/,j) and any function e : [n3] — F, replacing
b; and d; by

bi=bi+c¢®eandd =d—a®e

provides another decomposition of T.

@ This produces a number of decompositions that is not bounded in
terms of (d, k, |F|).
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A boundedness result on slice rank decompositions

Theorem (K 2023)
Let d > 3, k > 1, let IF be a finite field, and let T be an order-d tensor
with slice rank k over F. Then the slice rank decompositions

d
T(xt,-oxa) = Y ,i(x)bji(%)

j=1 i=1

with minimal length r; + - -- 4+ ry = k obey the following two properties.

© There are at most d*|F|? possibilities for
((r1, 000y rd), (31,1, coog al,rl), 000y (ad,l, 500y ad,rd)).

@ For each of these possibilities, the functions b; ; between
decompositions may only differ as in the previous construction
(generalised to order-d tensors).
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Describing the flexibility of (d — 1)-variable functions

Let d > 3 be an integer. We say that an order-d decomposition is in zero
form if the following are satisfied.
@ For every j € [d] and every i € [r;] we can write

bii(5) = Y. D T ars (5) | criisng, (U J)).

JCldljed sngy \J'e\{j}

@ For every J C [d] with 2 < |J| < d and every (sj/)jicy, we obtain a
sum of 0 whenever we take the sum over all functions Ch,iss g}
where the sequence s\ (;} completed to a sequence indexed by J by
introducing the additional term s; = i is equal to (sj/)jic .
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Describing the flexibility of (d — 1)-variable functions

Proposition (K 2023)

Let d > 3 be an integer, and let rq, ..., ry be nonnegative integers. If a

decomposition
d

> ailx)b;i(x%)

j=1 i=1

is equal to the zero tensor, then it is in zero form.
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Describing the flexibility of (d — 1)-variable functions

Proof:

@ By making changes of bases on each of the d dimensions, we may
assume that there exist integers f(j, /) such that the functions a;; are
defined by a; i(x;) = 1 if x; = f(j, i) and aj i(x;) = 0 otherwise. We
write

Sp=1fU.1) i e nly
for each j € [d].

@ The decomposition then becomes

d_ 1
DD Ly=r( b (%)- (1)

j=1 i=1

We then evaluate (1) at every x € [n1] X -+ X [ng].
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Describing the flexibility of (d — 1)-variable functions

o If xg & S1,x20 ¢ Sa..., x4 ¢ Sq, then there are no contributions to (1).

o If x1 €5S1,x0 ¢ Sp,x3 ¢ S3,...,xq & Sq, then the only contribution to
(1) is from 1, _rq iyb1,i(X1) with f(1,7) = x1, which must hence be 0.

o If x1 €51, € S2,x3 ¢ S3,%x4 & Sa,...,xqg & Sq, then there are two
contributions to (1), the sum of which must be 0: one from
1Xl:f(1’i)b17i(71) with f(]., i) = x1, and one from 1X2:f(2’i)b2’i(X72)
with £(2,7) = xo.
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Describing the flexibility of (d — 1)-variable functions

@ More generally, if J is a subset of [d], and we have that x; € S; if and
only if j € J, then the contributions to (1) (which again add to 0) are
from the terms 1, _¢(; ;) b;,i(Xj) with (j, i) = x; and j € J. This
provides the desired description of the functions b;; with j € [d] and
i€ [nl
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The sunflower statement

Let T be an order-d tensor, and let A; be a linear subspace of F"% for
every j € [d]. We write T € S(A1,...,Aq) if we can write

d
T(xt,-oxa) = Y Y 1,i(x)bji(%)

j=1 i=1

with A; = (aj1,...,a;,) for every j € [d].
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The sunflower statement

Let h be a positive integer, and let St, ..., S be sets of integers. We say

that S,..., S" constitute a sunflower if there exist pairwise disjoint sets
of integers S°, SV ..., S" such that S? = S°U S for every 6 € [h]. The
common intersection SO of S1,...,S" is called the center of the sunflower.
Definition

Let h be a positive integer, and let AL, ..., A" be linear subspaces of some
vector space V. We say that AL, ... AP constitute a sunflower if there
exist linear subspaces A%, AV ... A" of V, all in direct sum, such that

A9 = A0 @ A% for every O € [h].The common intersection A® of Al ... AP
is called the center of the sunflower.
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The sunflower statement

Proposition (K 2023)

Let d > 2 be an integer, let IF be a field, and let T be an order-d tensor
over . Let h > d be an integer. For every 6 € [h], let A7, ..., A% be
linear subspaces such that T € S(AY,... ,Af,). Suppose that for every

J € [d] the subspaces AJQ with 6 € [d] constitute a sunflower, with center

AD. Then T € S(A},..., A)). In particular,

st T <dimAY + - + dim AY.
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The sunflower statement

@ Without loss of generality we may assume that there exist integers
f(j, i) such that the functions a;; are defined by a; ;(x;) = 1 if
xj = f(j, 1) and aj j(x;j) = 0 otherwise.

@ The assumption then states that for every j € [d] the sets

0 : 0
S ={f(,i):1<i<r}

with @ € [h] constitute a sunflower.

Thomas Karam (SJTU) Slice rank decompositions 16 July 2026 12/16



The sunflower statement

@ Let x € [m] X -+ x [ng] such that T(xi,...,xq) # 0. Then for each
6 € [h] we must necessarily have x; € SJ-G for some j € [d].

@ Because h > d, by the pigeonhole principle there exists some j € [d]
and two distinct values 61, > of ¢ such that x; € 501 and x; € 592

@ Since SJ.91 N 51-02 = SJQ, this ensures x; € SJQ.

@ This establishes that we may write T as desired.
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The sunflower statement

Corollary (K 2023)

Let d > 2 be an integer, let F be a field, and let T be an order-d tensor
over F. Let h > 1 be an integer, and consider for every 6 € [h] some

minimal-length decomposition of T. For every j € [d] let W; be a linear
subspace of F". Suppose that the linear subspaces AJ(? =(aj1,---, aj,rj9>

constitute a sunflower with center W; for every j € [d]. If

dimWi +---+dimWy <sr T

then h < d.
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Proof sketch of the boundedness for one-variable functions

Let T be an order-d tensor with slice rank k over [F. Consider a set of
minimal-length slice rank decompositions indexed by 6 € [h]. We construct
a tree where all vertices are subsets of [h] and which satisfies the following
properties.

@ The root is the set [h] itself.

@ The tree has depth k.

© Every non-leaf vertex is the union of its immediate descendants.

@ Every vertex has at most d|F|% immediate descendants.

© Every leaf is a set with size at most 1.
Obtaining such a tree indeed suffices to conclude, as these properties
together imply that the integer h is at most (d|F|? )% = dk|F|9*  and
hence that the number of d-tuples of linear subspaces (A?, . ,AZ) is at
most d*|F|9k".
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Conclusion

Thank you for listening !
thomaskaram@sjtu.edu.cn
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