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Each simplicial complex K (or a simple game 2" \ K) with n vertices (n players) is associated
an (n — 2)-dimensional, combinatorial sphere on (at most) 2n-vertices. This is the so called Bier
sphere Bier(K) (named after Thomas Bier [1]), formally defined as the deleted join Bier(K) :=
K x5 K° of K with its (combinatorial) Alexander dual K°. Bier spheres have been studied from
the viewpoint of combinatorics (simplicial complexes), topology (polyhedral products, toric manifolds),
convex polytopes (generalized permutahedra, algorithmic Steinitz problem), game theory (cooperative
games), experimental mathematics (nonpolytopal spheres), combinatorial optimization (submodular
functions), etc.

We present an overview of selected results from the multidisciplinary project Bier-2016-2026,
initiated at ICERM in (2016), https://icerm.brown.edu/program/semester_program/sp-£16. One
of the cornerstone results is the following theorem, which links Bier spheres with braid arrangements,
polymatroids, and generalized permutahedra. This result and its ramifications, [6, 7, 8, 9, 10], pave the
way for many applications, from polyhedral combinatorics to toric geometry and topology.

Theorem 1.([6, 7, 10])) Each Bier sphere admits a canonical star-shaped geometric realization whose
radial fan coarsens the braid arrangement fan. Moreover, this fan is unimodular in the lattice A}, dual
to the root lattice A,,.
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