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Let 𝐺 be a graph with smallest eigenvalue 𝜆min(𝐺). In 1973, Hoffman [?] showed that: (i) for any real

number 𝜆 ≤ −1, if 𝜆min(𝐺) ≥ 𝜆, then there exists a positive integer 𝑡 = 𝑡𝜆, such that 𝐺 is {𝐾1,𝑡,̃︂𝐾2𝑡}-
free; (ii) for any integer 𝑡, if 𝐺 is {𝐾1,𝑡,̃︂𝐾2𝑡}-free, then there exists a positive integer 𝜆 = 𝜆𝑡, such that
𝜆min(𝐺) ≥ 𝜆. In 2016, Kim, Koolen and Yang [?] gave a structure theory for graphs with fixed smallest
eigenvalue.

In this talk, I will present a generalization of these results to signed graphs and conclude by discussing
an application to signed graphs with smallest eigenvalue greater than −1−

√
2 [?].

Our results are as follows:

Theorem 1. Let (𝐺, 𝜎) be a signed graph with smallest eigenvalue 𝜆min(𝐺, 𝜎). The following hold.

1. For any real number 𝜆 ≤ −1, there exists a positive integer 𝑡 = 𝑡(𝜆), such that if 𝜆min(𝐺, 𝜎) ≥ 𝜆,

then (𝐺, 𝜎) is { ̃︀𝐾(0)
2𝑡 , ̃︀𝐾(−)

2𝑡 , (𝐾𝑡+1,−), (𝐾1,𝑡,+)}-switching-free.

2. For any positive integer 𝑡, there exists a non-positive real number 𝜆 = 𝜆(𝑡), such that if (𝐺, 𝜎) is

{ ̃︀𝐾(0)
2𝑡 , ̃︀𝐾(−)

2𝑡 , (𝐾𝑡+1,−), (𝐾1,𝑡,+)}-switching-free, then 𝜆min(𝐺, 𝜎) ≥ 𝜆.

Theorem 2. Let 𝜆 ≤ −1 be a real number. There exists a positive integer 𝑑𝜆 such that if (𝐺, 𝜎) is a

signed graph with smallest eigenvalue at least 𝜆 and minimum valency at least 𝑑𝜆, then there exists a

set of induced subgraphs 𝑁1, 𝑁2, . . . , 𝑁𝑟 of (𝐺, 𝜎), where 𝑟 is a positive integer, satisfying the following

conditions.

1. Each vertex of (𝐺, 𝜎) lies in at least one and at most ⌊−𝜆⌋ 𝑁𝑖’s.

2. The induced subgraph 𝑁𝑖 is switching equivalent to a signed graph whose positive graph is a (⌊𝜆2 +
2𝜆+ 2⌋)-plex, for 𝑖 = 1, 2, . . . , 𝑟.

3. The intersection 𝑉 (𝑁𝑖) ∩ 𝑉 (𝑁𝑗) contains at most 4⌊−𝜆⌋ − 4 vertices for 1 ≤ 𝑖 < 𝑗 ≤ 𝑟.

4. the subgraph (𝐺′, 𝜎′) has maximum valency at most 𝑑𝜆 − 1, where 𝐺′ = (𝑉 (𝐺), 𝐸(𝐺)∖
⋃︀𝑟

𝑖=1 𝐸(𝑁𝑖))
and 𝜎′ = 𝜎|𝐸(𝐺′).

Let 𝑠 be a positive integer. A signed graph (𝐺, 𝜎) with smallest eigenvalue 𝜆min is 𝑠-integrable, if there
exists an integer-valued matrix 𝑁 such that 𝑠(𝐴+ ⌈−𝜆min⌉I) = 𝑁𝑇𝑁 , where 𝐴 is the adjacency matrix
of 𝐺. Note that (𝐺, 𝜎) is 𝑠-integrable if and only if the integral lattice generated by the columns of 1√

𝑠
𝑁

is 𝑠-integrable.

Theorem 2. Let 𝜆 be a real number in (−1 −
√
2,−1]. There exists a positive integer 𝑑′𝜆 such that if a

connected signed graph (𝐺, 𝜎) has smallest eigenvalue 𝜆min(𝐺, 𝜎) ≥ 𝜆 and minimum valency at least 𝑑′𝜆,
then 𝜆min(𝐺, 𝜎) ≥ −2 and (𝐺, 𝜎) is 1-integrable.
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