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Scattering by a periodic layer

Ò · AÒu
s

+ k
2
nu

s
= f for (x̃ , xd) œ Rd≠1

◊ R

u
s

satisfies Rayleigh radiation condition

A, n are x̃ -periodic L
Œ

-matrix valued function and scalar function, respectively.

supp(A ≠ I) and supp(n ≠ 1) is included in Rd≠1
◊ (≠h, h).

f := Ò · (A ≠ I)Òu
i
+ k

2
(n ≠ 1)u

i
is quasi-periodic

T. Arens, G. Bao, L. Bourgeois, J. Elschner, S. Fliss, G. Hu, A. Kirsch,

A. Lechleiter, J. Lin, P. Liu, T.P. Nguyen .....
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The Problem

D0

Reconstruct the support of a local perturbation D0 in a periodic

inhomogeneous layered medium from a knowledge of the scattered field due to

several incident plane waves.

Our main constraint is that a model for the periodic background is not

available or otherwise it is hard to compute its Green’s function.

One cell consists of a collection of inhomogeneities situated in a known

homogeneous medium and we do not want to reconstruct them

.
3 / 24



The Problem

D0

.

Some applications: Detection of local defects in periodic patterns!

A meta-material Nano-grass structures
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Formulation of the problem

D0

For sake of this presentation, we assume A © I, d = 2.

Denote by np the refractive index of periodic layer and by n the refractive

index of the perturbed media, i.e. supp(n ≠ np) = D0.

The unknown perturbation with support D0 is located in one period

which we don’t know a priori. We assume to know only the period of the

background.

Given measurements of the scattered wave at a fixed frequency

Recover the defect D0 := supp(n ≠ np) without knowing n and np
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The approximate model problem

n=np=1

h

≠h

D0

L
ML

np(·, xd) is L≠periodic, n = 1 for |xd | > h > 0 and n is ML≠periodic.

Consider a truncated domain of M periods, which contains the

defect.

Impose the ML-periodicity on index n.
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The approximate model problem

h

Measurements of scattered waves

ML≠periodic incident plane waves

D0

Reconstruct D0 := supp(n ≠ np) from the given measurements of

the scattered wave associated with ML≠periodic incident waves
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Description of the data

Total field (ML≠periodic): �u + k
2
nu = 0 in R2

, k œ R

ML≠periodic incident plane waves: u
i
j =

1
—j

e
i(–j x1+—j (x2≠h))

j œ Z
–j := 2fij/(ML), —j :=


k2 ≠ –2

j , Im —j Ø 0

Scattered wave: u
s
j (x) =

q
¸ ‚us

j (¸)ei(–¸x1+—¸(x2≠h)), x2 > h

D0

Scattered field: �u
s

+ k
2
nu

s
= k

2
(1 ≠ n)u

i

+ Radiation condition
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Description of the data

Data for the inverse problem:

ML≠periodic incident plane waves: u
i
j =

1
—j

e
i(–j x1+—j (x2≠h))

j œ Z
–j := 2fij/(ML), —j :=


k2 ≠ –2

j , Im —j Ø 0

The measurements are given by the Rayleigh sequences {‚us
j (¸)¸œZ}

[· · · , ‚us
j (¸ ≠ M), · · · , ‚us

j (¸ ≠ 1), ‚us
j (¸), ‚us

j (¸ + 1), ‚us
j (¸ + 2) · · · , ‚us

j (¸ + M), · · · , ]

D0

Scattered field: �u
s

+ k
2
nu

s
= k

2
(1 ≠ n)u

i

+ Radiation condition
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The near field operator N

From the measurements given by the Rayleigh sequence:

[· · · , ‚us
j (¸ ≠ M), · · · , ‚us

j (¸ ≠ 1), ‚us
j (¸), ‚us

j (¸ + 1), ‚us
j (¸ + 2) · · · , ‚us

j (¸ + M), · · · , ]

we can define the near field operator: N : ¸2
(Z) æ ¸2

(Z) defined by

N(a) :=

Ëÿ

jœZ
‚us

j (¸)a(j)

È

¸œZ
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Standard ITP
Linked to the analysis of the operator N

Domain D := supp(1 ≠ n)

D0

Factorization of the operator N: N = GH, N = H
ú
TH

H : ¸2
(Z) æ L

2
(D) is the Herglotz operator defined by

H(a) :=

ÿ

jœZ
a(j)u

i
j

R(H) := {v œ L
2
(D) : �v + k

2
v = 0, in D

G : R(H) æ ¸2
(Z) is the solution operator defined by

Gv := {‚w(¸)}¸ the Rayleigh coe�cients of w

with w : �w + nk
2
w = k

2
(1 ≠ n)v in R2

+ Radiation condition.
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Standard ITP
Linked to the analysis of the operator N

Domain D := supp(1 ≠ n)

D0

Injectivity of the operator G is linked with the TEP

(u, v) œ L
2
(D) ◊ L

2
(D) such that w := u ≠ v œ H

2
(D) and

Y
____]

____[

�u + k
2
nu = 0 in D,

�v + k
2
v = 0 in D,

(u ≠ v) = 0 on ˆD,

ˆ
ˆ‹ (u ≠ v) = 0 on ˆD.

k is a transmission eigenvalue if this problem has non-trivial solution.

F. Cakoni, D. Colton and H. Haddar (2016), CBMS-NSF
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Standard ITP

Denote by „z
œ ¸2

(Z) the Rayleigh sequence of �(·, z) - ML periodic

��(·, z) + k
2
�(·, z) = ≠”z .

If k is not a transmission eigenvalue then

G is injective and N = GH has dense range.

Moreover „z
œ Range(G) if and only if z œ D.

If z œ D then G(vz) = „z
if and only if (uz , vz) œ L

2
(D) ◊ L

2
(D) such

that uz ≠ vz œ H
2
(D) and satisfy the

Interior Transmission Problem (ITP):

Y
___]

___[

�uz + k
2
nuz = 0 in D,

�vz + k
2
vz = 0 in D,

(uz ≠ vz) = �(·, z) on ˆD,
ˆ

ˆ‹
(uz ≠ vz) =

ˆ

ˆ‹
�(·, z) on ˆD.

(1)
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Factorization

Define

N˘ := |Re N| + |Im N|

The factorization of the near field operator N˘

Assume that (n ≠ 1)
≠1

œ L
Œ

(D) and Re (n) ≠ 1 or 1 ≠ Re (n) is

positive definite in a neighborhood of ˆD. Then the following

factorization holds:

N˘ = H
ú

T˘ H,

where T˘ : L
2
(D) æ L

2
(D) is self-adjoint and coercive on R(H).

Range(N
1/2
˘ ) = Range(G)

„z
œ Range(N

1/2
˘ ) ≈∆ z œ D
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Generalized Linear Sampling Method

Consider the functional:

J–(„z
; a) := –(N˘a, a) + ÎNa ≠ „z

Î
2

’a œ ¸2
(Z).

Let a
z,–

œ ¸2
(Z), – > 0, be a minimizing sequence such that

J–(„z
; a

z,–
) Æ inf

aœ¸2(Z)
J–(„z

; a) + o(–) as – æ 0.

Then,

„z
œ Range(G) or z œ D ≈∆ lim

–æ0
(N˘a

z,–, a
z,–

) < Œ.

Moreover, if „z
œ Range(G) then Haz,– æ vz as – æ 0 such that

G(z) = „z
.
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The single Floquet-Bloch near field operator

Fix q œ {0, . . . , M ≠ 1}. The measurements are formed by only the

q + ¸M Rayleigh coe�cients

[· · · , ‚us
j (q ≠ M), · · · , ‚us

j (q ≠ 1), ‚us
j (q), ‚us

j (q + 1), ‚us
j (q + 2) · · · , ‚us

j (q + M), · · · , ]

Single Floquet-Bloch mode near field operator: Nq : ¸2
(Z) æ ¸2

(Z) :

Nq(a) :=

Ëÿ

jœZ
‚us

q+jM(q + ¸M)a(j)

È

¸œZ

Nq is associated with –q≠quasi periodic

fields where –q =
2fi
ML q.

Relationship between N and Nq

Nq = I
ú
q N Iq

where (Iqa)(¸) =

;
a(j) if ¸ = q + jM

0 otherwise “sub-matrix” Nq in red
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Properties of Nq

Thus Nq = (HIq)
ú
T (HIq) = H

ú
q THq =

!
H

ú
q T

"
Hq = GqHq

Hq : ¸2
(Z) æ L

2
(D) ,

R(Hq) := {v œ L
2
(D) : �v + k

2
v = 0, v |Dp is –q-quasi-periodic}.

Gq := I
ú
q G : R(Hq) æ ¸2

(Z) and Gq : v ‘æ I
ú
q {‚wq(¸)}¸œZ

�wq + k
2
nwq = k

2
(np ≠ n)(w ≠ wq) + k

2
(1 ≠ n)v in �0,

where �0 defective period wq is radiating –q-quasi-periodic, with w

�w + nk
2
w = k

2
(1 ≠ n)v in R2

+ Radiation condition
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The new TEP
Related to injectivity of Gq

Domain �

D0

Gq is injective if and only the problem: Find wq œ H
2
0 (�) and v œ L

2
(�)

such that

�wq + k
2
nwq = k

2
(np ≠ n)(w ≠ wq) + k

2
(1 ≠ n)v in �

�v + k
2
v = 0 in �

and

�w + nk
2
w = k

2
(1 ≠ n)v in R2

+ Radiation condition

has nontrivial solution.

This is a new transmission eigenvalue problem!

The goal is to express w ≠ wq in terms of v .
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The new ITP
Linked with the analysis of the operator Nq

Domain �

D0

(u, v) œ L
2
(�) ◊ L

2
(�) such that wq := u ≠ v œ H

2
(�) and

Y
____]

____[

�u + k
2
nu = k

2
(np ≠ n)Sk(v) in �,

�v + k
2
v = 0 in �,

(u ≠ v) = Ï on ˆ�,
ˆ

ˆ‹ (u ≠ v) = Â on ˆ�.

Sk : v ‘æ

⁄

�
k

2
(1 ≠ np)v(y)

1 ÿ

0 ”=mœZM

e
i–qmL

�(np; x ≠ mL ≠ y)

2
dy ,

�(np; ·) is the ML-periodic fundamental solution given by

��(np; ·) + k
2
np�(np; ·) = ≠”0
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Analysis of the new ITP
Property of the operator Sk

u œ H
2
0 (�) and f œ L

2
(�),

I
�u + k

2
nu = (1 ≠ n)v + (np ≠ n)Sk(v) + F in �,

�v + k
2
v = 0 in �.

Property of the operator Sk : We can prove that there exists ◊ > 0 and

C > 0 such that

ÎSiŸ(v)ÎL2(�) Æ Ce
≠◊Ÿ

ÎvÎL2(�), Ÿ > 0, ’v œ L
2
(�)

and Sk ≠ SiŸ is compact.

Theorem

If Re (n ≠ 1) > 0 or Re (1 ≠ n) > 0 uniformly in a neighborhood of ˆ�

from inside, the new interior transmission problem is Fredholm of index 0.

The new transmission eigenvalues form at most a discrete set with +Œ

as the only possible accumulation point.
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Factorization of Nq,˘

Let Nq,˘ = |Re Nq| + |Im Nq|.

Then Nq,˘ = H
ú
q T˘ Hq where T˘ : L

2
(D) æ L

2
(D) is self-adjoint and

coercive on Range(Hq).

Range(N
1/2
q,˘ ) = Range(Gq).

Let „z
q œ ¸2

(Z) be the Rayleigh sequence associated with �q(·, z)

–q≠quasi-periodic solution of ��(·, z) + k
2
�(·, z) = ≠”z . Then

I
ú
q „z

q œ Range(Gq) ≈∆ z œ ‚Dp
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Description of the Algorithm

The algorithm uses:

N˘ := |Re (N)| + |Im (N)|, Nq,˘ := |Re (Nq)| + |Im (Nq)|

„z
œ ¸2

(Z) the Rayleigh sequence associated with the �(·, z) - ML

periodic solution of

��(·, z) + k
2
�(·, z) = ≠”z (*)

„z
q œ ¸2

(Z) the Rayleigh sequence associated with �q(·, z)-

–q≠quasi-periodic solution of (*)

Define

J–(„; a) := –(N˘a, a) + ÎNa ≠ „Î
2

Jq–(„; a) := –(Nq,˘a, a) + ÎNqa ≠ „Î
2

a
z,–

œ ¸2
(Z) minimizing sequence for J–(„z

; a)

a
z,–
q œ ¸2

(Z) minimizing sequence for J–(„z
q; a)

ã
z,–

œ ¸2
(Z) minimizing sequence for J–,q(I

ú
q „z

q; a)
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Indicator function

If the standard ITP is well-posed then:

z œ D i� lim–æ0(N˘a
–,z , a

–,z
) < Œ, D = supp(n ≠ 1)

z œ Dp i� lim–æ0(N˘a
–,z
q , a

–,z
q ) < Œ, Dp = supp(np ≠ 1)

z œ ‚Dp i� lim–æ0(Nq,˘Iq ã
–,z
q , Iq ã

–,z
q ) < Œ

where z œ ‚Dp is the support of L-periodic extension of defective cell.
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Indicator function

Theorem: (Reconstruction of defect): Define

I–(z) = (N˘a
–,z , a

–,z
)

3
1 +

(N˘a
–,z , a

–,z
)

D–(z)

4
.

D–(z) =
!
N˘(a

–,z
q ≠ Iq ã

–,z
q ), (a

–,z
q ≠ Iq ã

–,z
q )

"
.

Then z œ D0 fi Op i� lim
–æ0

I–(z) < Œ.

provided the forward problem, the standard and the new ITP are

well-posed. (Note that D–(z) Æ ÎT˘ÎÎHa
–,z
q ≠ Hqa

–,z
q Î

2
L2(D))
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Some numerical results

The parameters of periodic background:

k = fi/3.14, np = 2 inside the discs of radii r1 and r2, np =

1 otherwise

L = 2fi, h = 1.5L/k, r1 = 0.3L/k, r2 = 0.4L/k

-8 -6 -4 -2 0 2 4 6 8
-6

-4

-2

0

2

4

6

8

Exact geometry

n = 4 inside rw := 0.25L/k.

Index of incident plane waves:

j = q + ¸M, ≠
M
2 + 1 Æ q Æ

M
2 , Nmin Æ ¸ Æ Nmax

M = 3, Nmin = ≠5, Nmax = 5

1% added multiplicative random noise 20 / 24
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Some numerical results
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Some numerical results
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Where to go next

With T. Arens we are looking at the scattering by an almost periodic

anisotropic layer.

Ò · AÒu
s

+ k
2
nu

s
= f for (x̃ , xd) œ Rd≠1

◊ R

u
s

satisfies Rayleigh radiation condition

supp(A), supp(n) and supp(f ) are included in �h := Rd≠1
◊ (≠h, h).

A|�h , n|�h are in the space of Besicovitch-almost periodic bounded

function

L
Œ
ap(�h) = P(LŒ([≠h, h])

Î·ÎŒ
,

where for a Banach space X

P(X ) =

I nÿ

j=1
uj e

⁄nj ·x̃
: uj œ X , nj œ N , j = 1, . . . , n

J

with given countable set of frequencies S = {⁄1, ⁄2, . . . | ⁄j œ Rd≠1
}

which forms a semigroup.
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