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6d (SR from BEND, QUAD) and 6d tracking: XY
6d(SR): Rx = 65σx Ry = 57σyxσX/
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Introduction

Problem
Why vertical dynamic aperture drops from Ry = 142σy to
Ry = 57σy?
Why horizontal dynamic aperture drops from Rx = 109σx to
Rx = 65σx?

in the FCCee_z_202_nosol_13.seq lattice at 45 GeV
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6d (SR from BEND, QUAD; last stable): Y0 = 57σy

xσX/
0.1− 0.05− 0 0.05 0.1

pxσ
P

X
/

1.4−

1.2−

1−

0.8−

0.6−

0.4−

0.2−

0

0.2

}yσPX:X {Y=57 

yσY/
60− 40− 20− 0 20 40 60

pyσ
P

Y
/

60−

40−

20−

0

20

40

60

}yσPY:Y {Y=57 

tσT/
4− 3− 2− 1− 0 1 2 3 4

tσ
P

T
/

4−

3−

2−

1−

0

1

2

3

4

}yσPT:T {Y=57 

turn
0 1000 2000 3000 4000 5000

eσ
P

T
/

3−

2−

1−

0

1

2

3

4

}yσPT:turn {Y=57 

turn
0 1000 2000 3000 4000 5000

tσ
T

/

3−

2−

1−

0

1

2

3

4

}yσT:turn {Y=57 

xσX/
1− 0.5− 0 0.5 1

yσ
Y

/

56

56.5

57

57.5

58

=3.8e-004eσ=3.1e-008 m, yσ=6.3e-006 m, xσ

A. Bogomyagkov (BINP) FCC-ee DA 4 / 35



6d (SR from BEND, QUAD; first unstable): Y0 = 58σy
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6d (SR from BEND, QUAD; longitudinally adjusted)
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6d (SR from BEND, QUAD) damping
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History
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Comments
Some tracking plots are similar.
There was no mentioning of damping
turning into raising.
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Parameters (radiation ON, no tappering)

Energy: E = 45.6 Gev.
Tunes: νs = 0.0413, νy = 0.2217, νx = 0.1366
Damping times [turns]: τσ = 1300, τy = 2600, τx = 2600
Energy loss: U0 = 35.96 MeV/turn

Ud (B,arc) = 3014× 12.4 keV= U0,
Uq(FF ,50σy ) = 4× 0.5 MeV, Uq(FF ,50σx ) = 4× 3 MeV,
Uq(QF ,50σy ) = 1470× 2.5 eV, Uq(QF ,50σx ) = 1470× 2.8 keV,
Uq(QD,50σy ) = 1468× 10 eV, Uq(QD,50σx ) = 1468× 1 keV

Radiation from quadrupoles:

Uq =
Cγ

2π
E4

0

∮
K 2

1 (x2 + y2)ds = E0ΓΠ
[〈

K 2
1 βx

〉
Jx +

〈
K 2

1 βy

〉
Jy

]
〈
K 2

1 βx
〉

= 4× 10−3 m−3,
〈
K 2

1 βy
〉

= 1.4× 10−1 m−3,
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Equations of motion: longitudinal

Exact

σ′ = −K0x − p2
x

2
−

p2
y

2

p′σ =

(
−eV0

p0c

)
sin
[
φs + 2π

σ

λ

]
δ(s − s0)

− Γ
[
K 2

0 (1 + 2pσ) + (2K0K1 + K 3
0 )x + K 2

1 (x2 + y2)
]

where Γ =
Cγ

2π
E4

0
p0c

Average, xβ = 0, x = ηpσ
σ′ = −αpσ −

Jy 〈γy 〉
2

,

p′σ =
k2

s
α
σ − 2ασpσ − Γ

〈
K 2

1 βy

〉
Jy , ks =

νs

R
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Synchronous phase

No synchrotron oscillations

σ′ = 0 , σ = −ασ
k2
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Jy 〈γy 〉+

α

k2
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Γ
〈

K 2
1 βy

〉
Jy ,
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Jy 〈γy 〉 , Jy =
J0 exp (−2αys)

1− β
2αy

J0 (1− exp (−2αys))
xσX/

2− 1− 0 1 2 3 4

pxσ
P

X
/

25−

20−

15−

10−

5−

0

PX:X {part==1 || part==17}

yσY/
300− 200− 100− 0 100 200 300 400

pyσ
P

Y
/

200−

100−

0

100

200

PY:Y {part==1 || part==17}

tσT/
1 2 3 4 5 6 7

tσ
P

T
/

2.5−

2−

1.5−

1−

0.5−

0

PT:T {part==1 || part==17}

turn
0 1000 2000 3000 4000 5000

eσ
P

T
/

2.5−

2−

1.5−

1−

0.5−

0

PT:turn {part==1 || part==17}

turn
0 1000 2000 3000 4000 5000

tσ
T

/

0.1

0.2

0.3

0.4

0.5

0.6

0.7

T:turn {part==1 || part==17}

xσX/
1− 0.5− 0 0.5 1

yσ
Y

/

50

51

52

53

54

55

56

57

58
=3.8e-004eσ=3.1e-008 m, yσ=6.3e-006 m, xσ

yin=50σy

yin=58σy

0 1000 2000 3000 4000 5000
0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

Turn

σ
/σ
s

A. Bogomyagkov (BINP) FCC-ee DA 11 / 35



Equations of motion: longitudinal

Fourie harmonics
y =

√
2Jyβy cos(ψ0 + ψy (s)) = Ay fy + A∗y f ∗y

ΓK 2
1 y2 = ΓK 2

1 βyJy + ΓA2
yei 2νy s

R

∞∑
n=−∞

Fy ,nei s
R n + c.c.

Fy ,n =
1
Π

∫ Π

0
K 2

1 (s)βy (s)ei(2ψy (s)−2νy
s
R−

s
R n)ds ;

Averaged equations, xβ = 0
σ′ = −αpσ −

Jy 〈γ〉
2

p′σ =
k2

s
α
σ − 2ασpσ − Γ

〈
K 2

1 βy

〉
Jy − ΓA2

yFy ,nei s
R (2νy +n) − c.c.

n = −[2νy ] is the negative integer part of the double betatron tune
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Longitudinal: solution versus tracking

Solution

pσ = Be−ασs cos (kss)−
Jy 〈γ〉

2α
+ iA2

y
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R (2νy +n) + c.c.

where n = −[2νy ], Jy = 2AyA∗y
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Longitudinal: solution versus tracking

Solution

pσ = Be−ασs cos (kss)−
Jy 〈γ〉

2α
+ iA2

y
ΓFy ,n

(2νy + n)/R
ei s

R (2νy +n) + c.c.

where n = −[2νy ], Jy = 2AyA∗y

Longitudinally adjusted tracking

y spectrum
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Equations of motion: vertical

Exact  y ′ = py (1− pσ)

p′y = K1y + K2ηpσy − Γpy

[
K 2

0 + pσD + K 2
1 y2

]
Parametric oscillator and Van der Pol oscillator

y ′′ − [K1 − (K1 − K2η)pσ] y + Γ
(

K 2
0 + K 2

1 y2
)

y ′ = 0

Solution

pσ = Be−ασs cos (kss)−
Jy 〈γ〉

2α
− Jy

Γ |Fy ,n|
(2νy + n)/R

sin
( s

R
(2νy + n) + χ0

)
where n = −[2νy ], ΓK 2

1 y2 is small
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Vertical dynamic aperture limit

Solving: parameter variation and averaging

y(s) = Ay (s)fy (s) + Ay (s)∗fy (s)∗ , Jy = 2AyA∗y

Averaged equation

J ′y = −2αyJy ∓ Im(B2)J2
y

αy =
1
2

〈
ΓK 2

0

〉
is vertical damping decrement

B2 =
i
2

ΓFy ,n

(2νy + n)/R

〈
(K1 − K2η)βyei(−2ψy (s)+ s

R (2νy +n))
〉

DA limit

J ′y = 0 ⇒ Jy ,lim =
2αy

∓Im(B2)

A. Bogomyagkov (BINP) FCC-ee DA 16 / 35



Vertical action

Solution

Jy (s) =
Jy ,0e−2αy s

1− Jy ,0
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Parametric resonance

Exact: y ′′ − [K1 − (K1 − K2η)pσ] y + Γ
(

K 2
0 + K 2

1 y2
)

y ′ = 0

pσ = Jy
Γ |Fy ,n|

(2νy + n)/R
sin
( s

R
(2νy + n)

)
Illustration: y ′′ + k2

y
(
1− F1y2 cos(2kys)

)
y + 2αy ′ = 0
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Conclusion for vertical plane at 45.6 GeV

1 Observed and studied a new effect limiting dynamic aperture.
2 Radiation from FF quadrupoles modulates pσ at double betatron

frequency.
3 Parametric resonance in vertical motion changes damping. It is

observed in tracking and obtained by equations.
4 Estimations with some assumptions predict dynamic aperture limit

Jy ,limit ≈ 51σy , tracking gives 58σy .
5 π/2 phase advance between quadrupoles will decrease pσ

modulation at double betatron frequency and eliminate parametric
resonance.

A. Bogomyagkov (BINP) FCC-ee DA 19 / 35



6d (SR from BEND, QUAD) and 6d tracking: XY
6d(SR): Rx = 65σx Ry = 55σyxσX/
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6d (SR from BEND, QUAD; last stable):
X0 = 67σx
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6d (SR from BEND, QUAD; last stable):
X0 = 67σx
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6d (SR from BEND, QUAD; first unstable):
X0 = 67.1σx
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Equations of motion: longitudinal

Exact 

σ′ = −K0x − p2
x

2

p′σ =

(
−eV0

p0c

)
sin
[
φs + 2π

σ

λ

]
δ(s − s0)

− Γ
[
K 2

0 (1 + 2pσ) + (2K0K1 + K 3
0 )x + K 2

1 x2
]

where Γ =
Cγ

2π
E4

0
p0c

Average, x = xβ + ηpσ, y = 0


σ′ = −αpσ −

Jx 〈γx〉
2

−
〈
η′2
〉 p2

σ

2
,

p′σ =
k2

s
α
σ − 2ασpσ − Γ

〈
K 2

1 βx

〉
Jx − Γ

〈
K 2

1 η
2
〉

p2
σ , ks =

2πνs

Π
A. Bogomyagkov (BINP) FCC-ee DA 24 / 35



Synchronous phase

No synchrotron oscillations

Neglecting
〈
η′2
〉 p2

σ
2 and Γ

〈
K 2

1 η
2〉p2

σ
σ′ = 0 ⇒ pσ = − 1

2α
Jx 〈γx〉

p′σ = 0 ⇒ σ = −ασ
k2

s
〈γx〉 Jx +

α

k2
s

Γ
〈

K 2
1 βx

〉
Jx

Energy deviation amplitude

pσ,max = Jx

√√√√〈γx〉2

4α2 +

(
−ασ 〈γx〉

αks
+

Γ
〈
K 2

1 βx
〉

ks

)2

{X0,Y0} {1σx ,0} {67σx ,0} {0,1σy } {0,58σy}
pσ,max 10−3σδ 4σδ 10−4σδ 0.26σδ
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Betatron tune modulation

Tune derivatives

∂νx

∂Jx
−5× 104

∂2νx

∂Jx∂δ
−6.8× 107

Jx 672εx
/

2
pσ 7σδ

∆νx =
∂νx

∂Jx
Jx −0.03

∆νx =
∂2νx

∂Jx∂δ
Jxpσ −0.11

νx 0.14
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Tune variation from sextupoles

∂νx

∂Jx
= − 1

64π

∮
ds
∮

dτK 2(s)K 2(τ)β
3
2
x (s)β

3
2
x (τ)

×
[

3 cos (πνx + |ϕx (s)− ϕx (τ)|)
sin(πνx )

+
cos (3πνx + 3 |ϕx (s)− ϕx (τ)|)

sin(3πνx )

]
∂2νx

∂Jx∂pσ
comes from beta chromaticity

dβx

dpσ
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6d (SR from BEND, QUAD; longitudinally adjusted):
X0 = 67σx
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6d (SR from BEND, QUAD; longitudinally adjusted):
X0 = 95.5σx
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Spectra: X0 = 95.5σx

νx = 269.14 νy = 267.22 νs = 0.0413

νx = 0.136

0.0 0.1 0.2 0.3 0.4 0.5
0.0

0.5

1.0

1.5

2.0

2.5

3.0

ν

x/
σ
x

νs = 0.0413

0.0 0.1 0.2 0.3 0.4 0.5
0.0

0.2

0.4

0.6

0.8

ν

pt
/σ
e

A. Bogomyagkov (BINP) FCC-ee DA 30 / 35



6d (SR from BEND, QUAD; longitudinally adjusted):
first unstable, X0 = 96σx
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5d tracking: PX : X
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Integer resonance: PX : X

(
cos(µ) β sin(µ)

− 1
β sin(µ) cos(µ)

)(
x
px

)
+

(
0

kx3

)
=

(
x
px

)
Solution

{x ,px} = {0,0}

{x ,px} =

{ √
2√

kβ

(
tan

µ

2

) 1
2
,

√
2√

kβ3

(
tan

µ

2

) 3
2

}

{x ,px} =

{
−
√

2√
kβ

(
tan

µ

2

) 1
2
,−
√

2√
kβ3

(
tan

µ

2

) 3
2

}
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History

J. Jowett (CERN), Dynamic aperture for LEP: Physics and
calculations, Conf.Proc. C9401174 (1994) 47-71, In *Chamonix 1994,
LEP performance* 47-71

”Here I shall briefly describe a new effect which I propose to call
Radiative Beta-Synchrotron Coupling (RBSC). It is a non-resonant
effect. A particle with a large betatron amplitude make an extra energy
loss by radiating in quadrupoles. ...you can say that its ”effective stable
phase angle" will change to reflect the greater energy loss. The
particle will tend to oscillate about a displaced
fixed point in the synchrotron phase plane. This results in a growth of
the oscillation amplitude which may eventually lead the particle outside
the stable region in synchrotron phase space.”
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Conclusion for horizontal plane at 45.6 GeV

1 Radiation from quadrupoles shifts the synchronous phase and
energy proportional to the horizontal action,

2 therefore synchrotron oscillations arise.
3 Horizontal tune dependence on action and energy of the particle

shifts the tune to integer resonance.

4 Minimization of beta function chromaticity will reduce
∂2νx

∂Jx∂pσ
and

enhance horizontal dynamic aperture.
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