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Matrix Product States & Matrix Product Operators
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DMRG linear response theory

Useful reference

“The density-matrix renormalization group in the age of matrix product states”
Ulrich Schollwock, Annals of Physics 326, 96-192 (2011).
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Many-body wavefunction



Many-body wavefunction

A solution of Schodinger equation

HY = EY¥

where
VYV =W(x,Xx,,....,xXy)
is a function of all particles

Only 1 particle system can be solved analytically

(e.qg. electron in H atom)



Many-body wavefunction cont’d

In second quantization (expanded by a set of orbitals)

¥ = Z D(n,n,,...,n,)

n1n2 .o .nk

is @ superposition of electron configurations
where

ni:{—a#a ia?\i:}

are occupation states of each 1-electron orbital

Degrees Of Freedom (DOF) is 4%

(where k is # orbitals)



Many-body wavefunction cont’d

HF limit

A ’.. :
Electrons are “bound to molecule” /
Finite # of orbitals can be selected Exact solution

(

/ (impossible)

# of orbit

Nature of electron correlation is “local”
Finite # of DOFs can be selected

/ > FCI limit

# of configurations

How to reduce DOFs for the best approximation?



Many-body wavefunction cont’d

One succeeded way is of coupled-cluster theory

¥) =exp(l; +1,)|¥,)

—

Many-particle interaction can be well

as a product of 1 or 2 particle int

lapproximated

aractions

as long as the HF wavefunction is a good reference

Actually, 99% of electronic energy
comes from HF configuration for common molecules




Many-body wavefunction cont’d

When is HF “NOT” a good reference wavefunction?
l.e. “multi-reference” character arises

ghags 8l L1111
ot ot 111111
gt st I[H1]
IR

HF Excited configurations

Approximation from particle view is useless



Many-body wavefunction cont’d

Climbing up the Ladder to FCI
Traditional QC FCI MPS/DMRG

M = dim.(FCI)"2

CCSDTQ .
CCSDT .
CCSD E
MP4 )
M =3
MP3 Vo
MP2

Hartree-Fock “Classical” state
(independent particle limit) (low-entangled limit)
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Matrix Product States & Matrix Product Operators
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Schmidt decomposition

Consider a system with two orthogonal subspaces L and R

(" )

\_ J

{li), | {17} )

A wavefunction of the system is given by

)= 2,100
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Schmidt decomposition cont’d
Doing SVD on l/) leads

_ T ;
)= 2. 2 LRy i), 1),
ij a
Transforming each basis by left- or right-singular vectors

‘a>L:Z‘i>LLia’ a>R: ;‘J j>R

¥)=2.4,|a) |a),

Schmidt decomposition




Schmidt decomposition cont’d

How much L and R are “entangled™?

)= Aa),a),

“Classical” state

Having only 1 non-zero singular value

“Quantum” state

. (14 ) .
Having " W" non-zero singular values (M > 1)

13
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Schmidt decomposition cont’d

A simple example of “classical” and “quantum” state

Closed-shell singlet is divided into a product of 2 states

2

=), @] ),
1 % Classical state

Open-shell singlet is never divided into a simple product

1 2# 1 # 07 _ L ® +|v) @
Eoy ¥)=7 (e, ), elh),)

Quantum state (entangled)
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Matrix Product States

Consider a system with a set of orthogonal subspaces {|A )}
r

A m A, mA: A,

A wavefunction of the system is given by

"IU>: Z l/)”1”2”3”4

NNy N3Ny,

nln2n3n4>
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Matrix Product States

Consider a system with a set of orthogonal subspaces {|A )}
( )

A m A, mA: A,

Divide ¢”1n2"3"4 into a product of block-dependent matrices

W)= 0, D A An A
— S

NNyN3H, Q1A as

nnnn>
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Graphical Language

Diagrammatic representation of tensor manipulations

n n, Ny ny

bond: a tensor index

lpnlnzn3n4

object: a single tensor

Wavefunction can be seen as a rank-k tensor
where k is a number of sites (orbitals)



Graphical Language

Diagrammatic representation of tensor manipulations

An -A--:. i A\

:. al al% a2a3 a3 rank'3 tenSOr

connecting bonds: index contraction
MPS consists of a product of rank-3 tensors

18



Compute overlap in terms of MPS

0—Oo

|
gp‘l{f>: )
| é

o~

Contract all tensors...

19
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09‘&0 Compute overlap in terms of MPS

—
(P|P) = T T . T
bodolo]

QbelME: oM k)

Iif “M" can be a small number,
this gives a polynomial cost algorithm



MPS construction

Doing Singular Value Decomposition (SVD) recursively

“1”>: Z l/)”1”2”3”4

N NyN3 Ny

nln2n3n4>

. A torn NyNsny T
1stSVD = Z 2JLal/1alRa1 ‘nln2n3n4>
iy} ) W L L
n {n,nan, ) _ mo Y |
lpl n — I Lal .EA‘H . Ral E

viewed as a matrix

21



MPS construction cont’d

Doing SVDs recursively from the Left

Z Z 7 lpnzn3n4

MNn,M3Ny 4

morny ”3”4
Z ZL Lalaz

MNyM3Ny 414y

morn 13 lp
Z Z La1 Lalaz La2a3 a3

MNyN3N, Q10505

=
|

nln2n3n4>

nln2n3n4>

nnnn>

22



Gauge Freedom of MPS

SVDs can also be carried out from the Right

Ny NyN3 Ny

nnyny ny
S S04, R |

MmN 3Ny Ay

#)

nln2n3n4>

Z Z 1/)211 RZZZ Rc’z/ljat RS: T ‘ mn,nsn, >

NNy N3Ry A0, 05

The same wavefunction with the different representation

23



Gauge freedom of MPS cont’d

O O (AB ),, - ZAisst

A B o
iInserting identity

s s s
O—<90—90O— 4B=4(GG')B
A G G'B .
regrouping
s’ (4G )(G'B)=A'B’
—(COO—C— =
A’ B’ matrix product

with different gauge

24
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Gauge freedom of MPS cont’d

Vidal's representation  singular values

i At ezl 4121 Bl 4B plal

— ) )

Lo, Lh Y

a a,dy ards as
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Canonical form

Of which site is a wavefunction?

Left
Canoni

/

Mixed
Canonical

Right
Canonical

Note canonical forms are interchangeable




Canonical form cont’d

Left-canonical form

m rny 13 l,b
Z Z La1 La1az L“z% dj

N NyN3Hy A1, as

nln2n3n4>

Mixed-canonical form
nrn, ng T
Z Z L Lalaz a2a3R ‘n1n2n3n4>
Right-canonical form

Z Z l/)nl Rc’;llzaz szat Rn” ‘ n1n2n3n4>

NNy N3Hy A1 as

27



Canonical form cont’d

Why “canonical” form?

‘a1>:ZLnl

mny, d

— 1
‘ai> o Z Lai—1ai

a; 1n;

)
‘a2> ZZLHI Lo, |

a; H, >

m) =2 L4,

an,

)

(4,

' —
a > - 5611- a;

Gives orthonormal bases
for i-th boundary

28



Canonical form cont’d

:I ----- vl ------ \l " ----- \'
J 0 0
' '

' q 4> T ap C‘) :
| i ] i
: ! : : :
: i ] : i
| 1 ) ( |
0 ay \ ‘{ 2 a3 0
] 0
k_____i_____- k____%/

1y 1y 13 1y

L' [ ¢ R
a; day dyds dy

Consequently, <W"1U> — Z 1/1223;31/)
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Matrix Product Operators

General operator O =" |mn,n,n, YO (ninynin’

r_/ ! _1/
nnyN3hy

nn' l

n{nyn3ny

Rank-2k tensor
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Matrix Product Operators

General operator O =) |mn,n,n, YOu"" ninynyn’

nnyN3hy

nn' l

n n, Ny ny

A W
’ [ ] [}
n', n's n'y

”1”1 n2n2 nyh; n4n4"
b1b2b3
Product of rank-4 tensors



Compute expectation value

7\ M\
n n, N3

Ty

b,Lb ny
[— —{1—]

32
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Compute expectation value

I ? T
-+
O(dM°Dk +d*M*Dk) J; l J\ :l;

'P} S
If “D” and “M’ can be a small number,

O

(¥

0

again, this gives a polynomial cost algorithm



Outline

DMRG from variational principle for MPS

34



35

Variational principle

Lagrange multiplier
Minimization with constraints (normalization condition)

£= (@ [n]w)-2((¥]#)-1)

A
Constraint to <‘1U ‘ ‘1U> =1

Find "1”> which satisfies the variational condition

SL=(Y|H|¥)-A(6¥|¥)=0



Variational Principle cont’d

Lagrange multiplier

36




Variational principle cont’d

37



Sweep algorithm

Optimizing for each site iteratively until converged

Sweep from Left to Right (Forward sweep)

n n

H lI) )U.I)[l] 4]¢[4 )up[4] —
H"Y lI) _)up[2] =0 H[3]II) A¢[3] =0

38

Note: H!

i [i] — i
{H‘Z—’:aia;—la; } ? lI) | - {lpZi—lai }



Sweep algorithm

Optimizing for each site iteratively until converged

Sweep from Right to Left (Backward sweep)

n n

H lI) )U.I)[l] 4]¢[4 )up[4] —
H"Y lI) _)up[2] =0 HB]II) A¢[3] =0

39

Note: H!

i [i] — i
{H::aiai’_lai’ } ? lI) | - {lp::i—lai }



Sweep algorithm cont’d

40

How to efficiently compute effective Hamiltonian?

H™"

! !
ardsdyds

Operators
renormalized
from the left

|
i ay, 1y as E
: ! ! :
' | " |
b, —— by —:
i | ]
: a’ n' a’y A |
O—0O—: 1-._.0.-,'

Operators
renormalized
from the right
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Sweep algorithm cont’d

Renormalizing operators to the next

{15, CH{1H—1{1-»,
O—0O—45 a’ O—0O0—0—;
Rank-3 tensor Rank-3 tensor

enables to reuse the intermediate tensors
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QC-DMRG

In quantum chemistry,
Hamiltonian consists of one- and two-electron interactions

/\'}‘/\ /\T T/\ A
Hee Zhy ST Zvylka ad,q

l]kl

while MPO formalism involves “any-particle” operators

implies that QC-MPO is highly sparse!



QC-DMRG cont’d

Instead using MPO formalism,
block structure of Hamiltonian is considered

H=H"+H"+> I;1I;
I

43
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QC-DMRG cont’d

Then taking a partial sum, such as

ATA ,ATA ATA
Z Vg4 d ®a.a = Z Z Vit 44

Jijell v :. jjel : kleR
“ kleR ..-' BRI :

oot A R
A QZZU

complementary operator

O(k™") summation is divided into two O(k”) summations

ZILIR > alst+Yy SHa, +Z( TI’ADZ.].R+cAzl.TcAszA;)+adjoints

ielL ieR ijel
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QC-DMRG cont’d

Renormalizing operators to the next

....................... ()
&3+ T
..... _J)_ lek3l
....................... O ~
ki

X ...Cl3 01 0 0
al | - where &i — 1000 0

..... _é)_ ><Vzk3l g g g ‘01

Consequently, QC-DMRG scales O(dM’°k> +d*M k™)



CAS approach
a fp Replacing Cl-solver by QC-DMRG

——— secondary orbitals
—~Oo—p '

o active orbita:ls
~O—

iInactive orbitals

46



CAS approach
Replacing Cl-solver by QC-DMRG

AN A AT 4
N
s 383888 1414 11111

1234

aptlve orbltalls

Inactive orbitals secondary orbitals

47
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Orbital ordering

1D feature of MPS wavefunction arises because

AB # BA

e.g.
A" AP AAM = AN ACAA™
MPS wavefunction is “unitary variant”

Find the orbital set and the ordering
which give the lowest energy
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Orbital ordering cont’d

Trivial case

ST L RS
» ® AR SR S S

LR

First, orbitals are localized

Then, sorted manually to form 1D geometry
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Orbital ordering cont’d

Non-trivial case

H,O / cc-pVDZ
(10e in 240)

Stronger interaction
to be closer position
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Block DMRG code

Developed by G. Chan group
https://github.com/gkc1000/Block

Now, Block is integrated into...

Free softwares

* pyscf Just to run, doesn’t need to
« ORCA know details about DMRG!!!

Commercial packages

 Molpro

« Molcas (coming soon)



CPU time (sec.)

1.0E+05

1.0E+04 |}

1.0E+03 |

1.0E+02 |

1.0E+01 |

1.0E+00

Benchmarks

Exponential scaling

CASSCF
~

Polyn

DMRG-CASSCF

omial scaling

6 8 10 12 14 16 18 20 22

2n

52



Coffee break

MPS/MPQO are general language to compress information

M 1024 700 500 300 200 100 50 20

storage 67% 48% 36% 21% 11% 4% 1%  0.2%
Bab L TR T v

53
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Time-evolution

DMRG linear response theory

54



Outline

Time-evolution

55



General concepts

Time-dependent wavefunction

W(t)=e """y (0)

Is a formal solution of time-dependent Schrodinger eq.

ih%‘%’(t) = HY¥(¢)

56
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General concepts cont’d
MPO formalism of propagator ( f — ¢ + At )

|
-

MPS formalism of wavefunction (£ =0 )

o= bbb b

e—iﬂAl‘/h _ I:

J

1

I
1
—J
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General concepts cont’d

Now, carry out time-evolution of the wavefunction

LA
4At []
3At []
2At []
At []
t=0 @, O O




General concepts cont’d

For each time step,

T
\J

Propagate...

[ 1 M

99



General concepts cont’d

For each time step,

DM

1

Contract...
Doing SVD...

60



General concepts cont’d

For each time step,

Decimate...

61



Time-evolution |., TEBD

(Time-Evolving Block Decimation)

Consider 1D lattice system
with nearest neighbor interactions

D PP P
JS(HS@i+1)

Heisenberg Hamiltonian

H =" JS@)S(i+1)

62



Time-evolution |., TEBD cont’d

Trotter form of propagator

e—th _ e—ihlt L e—ihl-t L e—ith n O(tZ)

h = JSH)S3+1)

[ = even
\ [ = odd

[ = even

[ = odd

63



Time-evolution |., TEBD cont’d

64



Time-evolution |., TEBD cont’d

fix tre\dawuge...

65
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Time-evolution Il., TDVP

(Time-Dependent Variational Principle)

“P(t» Bare differential involves
a projection to outside
the given space

W (1) = —%H\'P(t))

‘ lP(t ” 5t)> Differential space which is

Optimal time-evolution \  inthe given space and
under given space ~orthogonal to zero-th space

Tangent space
> f




Outline

DMRG linear response theory

67



Similarity to Hartree-Fock theory

Product structure of wavefunction

HF: Product of 1-particle orbitals

Yo (Xpes X X ) = A (5 X203+ Xy (X))

Particle-independent mean-field

DMRG: Product of 1-site matrices
Vovire (Fysee sy i) = Z A[l]---A[i]---A[k]‘nl---nl.---nk>

Site-independent mean-field

68



Similarity to Hartree-Fock theory cont’d

Variational principle

HF: Schrt')dinger eq. for each orbital

Effectlve Hamiltonian at /-th orbital

DMRG: Schrodinger eq. for each matrix

3 - (U7 U E, A"

Effective Hamiltonian at /i-th site

69



Similarity to Hartree-Fock theory cont’d

Time-dependent variational principle

HF: EOM for each orbital

e ’
lha)(,-(xiaf) — f(xiat)Xi(xiat)

DMRG: EOM for each matrix

ihS"] (t)%A[” (t) = H (1) A" (1)

Any post-DMRG methods can be derived?

70



Linear Response Theory

Investigate the first order response for a time-dependent
perturbation, such as

V(t)=Ve ™ +V" e

Investigate the first order response for a time-dependent
perturbation, such as

inLw(x,n = (1, +AI}"(}))W(x )

o W S 4

time-independent term time-dependent term
(zero-th order) (perturbation)

71
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Linear Response Theory cont’d

Consider a perturbation expansion of the wavefunction

_ o phase factor
First order equation is therefore,

(ﬁo — hw(;"_}— ih %)‘P(”(x, £)=—-0V(H¥P”(x)

Fourier transform,
(190 —E, + ha)) PO (x,w) = -0V (0¥ (x)

Linear Response Equation
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Linear Response Theory cont’d
What's the first order HF wavefunction?
Consider perturbation expansion for “i-th orbital’
X (x,0) = x " o)+ A () + A2 0 () +
The first order HF wavefunction is of
V() = A" (0.0 2" () X () ++-
FA(” ) (a0 o))+
FAX @) XV ) x (xya0)
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Linear Response Theory cont’d
Response equation is therefore,
(/i —&+hw) 1" (. 0) ==0V (@) 1" (x)
What's the first order change in orbital?
A(x” () xV Gt ()

reads /-th orbital is changed to the other
which is orthogonal to zero-th orbitals

X (x,0)= Q) el (X, (%)

sum. over virtual orbitals
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Linear Response Theory cont’d
What's the first order MIP'S wavefunction?
Consider perturbation expansion for “i-th matrix”
AN () = AT £ A AT (1) 4 A2 AT (1) 4
The first order MPS wavefunction is of

llu(l)

MPS

(A, 1) = A" (7). 41O L 0O
FAMO L 0 (py L 0
FAMO) L O L0 ()



&
o

Linear Response Theory cont’d

Response equation for MPS is of the form

( HO _ E, + ha)) AL (W) = —Q(V“] () + AH[”“)) AL

1. What'’s the first order change in matrix?

2. What's the first order change in Hamiltonian?

Gauge degrees of freedom in MPS wavefunction
introduce some complications...

76



MPS tangent space

First order change of MPS wavefunction is expanded as

Wi (4)) = 2 A" |09 (4))

A[3](”‘83'}’1§2128(A)>:(|> ! l $

a4
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MPS tangent space cont’d

Naive differential w.r.t. a site component

?
oA

Is redundant to a differential of another site component

0¥, (A)> =

Vo (A))

(0¥ (A)|0, W (A)=0 (i)
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MPS tangent space cont’d

Non-redundant parameterization will satisfy

From the left From the right
oLt R
=0 =0
—O— —O0—
L”l-(l) Rnl-(l)

a; 14; a; 14;
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MPS tangent space cont’d
MPS tangent space with left gauge fixed

[ [ a
0, (A)), =(I-L"L" )@

MPS tangent space with right gauge fixed

O
aR[i]’f

Depends on choice of gauge (i.e. canonical form)

Vo (A))

0¥, (A)), =(I-R"RY)——|¥,(4))



Graphical Language with Gauge

Arrows to distinguish canonical forms,

81
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Gauge transfer

How to keep non-redundancy in the first order MPS?

Soe 4 80

az 20; a;_ la al 2d; z la

I-th mixed-canonical
)-th mixed-canonical

JX_L 4<_<L_

n;(0) R” (1) ni (1) R” (0)

az 2d; 1 U4, a _2d;_ a;_1d;
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Effective Hamiltonian

H[i](O)A[i](l) ((1)) AH[i](l)A[i](O)
First order contribution First order contribution

from i-th site from other sites
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Random Phase Approximation

First order wavefunction is approximated as
Harmonic oscillator around the ground state

A[i](l)(t) _ ylilmior | ylil* ot

A couple of response equations
for real and imaginary parts of wavefunction

( HO —E, + ha)) (1)(w):—Q( AH;](D n AWJ("](”) AL
( HO ~E, ha)) ’](1)(w)=—Q( AHE}“” n AWPE”(”) AL
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Random Phase Approximation cont’d
DMRG-RPA equation is of the form

H W)X S 0 )YX
o = hw *
W  H )\'Y 0 -8 )\Y
This is an eigenvalue problem of a huge matrix
(Hll H12 H13 ) (Xl\ ;(sz)
HX = H21 sz H23 Xz Xiz{X:zl-ila}
H, H, H,; X o
X : I IS evaluated

AN via sweep algorithm
OkdM?  kdM?)



86

Tamm-Dancoff approximation

The DMRG ground state is a good reference,

ol sy

Matrix W must be almost 0
HX =hwSX

gives Tamm-Dancoff approximation (i.e. Cl-Single)
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DMRG-LRT: lllustrative applications

Econv. / Eh (E - Econv.) / mEh
state
SA /M = 2000 SA/M=500 TDA/M=500 EOM-CCSD |-|2Q / cc-pVDZ
X'A; -76.241697 0.11 0.01 3.68 ,
: DMRG (10e in 240)

1'B, -75.939176 0.20 0.02 1.50

1'A, -75.864445 0.20 0.02 2.07

2'A, -75.842487 0.18 0.12 2.08

1'B, -75.765964 0.21 0.02 2.55

2'B, -75.696018 0.20 0.45 4.14

3'A; -75.584080 0.16 0.10 5.13
""'; """""""""""""""""""""""""""""""""""""""""""""" ) .
LA 75462977 026 269 va 1 First order

2'A, -75.448180 0.23 0.04 453 space
L 3'A, -75.403286 0.33 0.27 NA :
e * involves

2'B; -75.401515 0.28 0.25 24.20 _ _

3'B, -75.381977 0.26 0.07 N/A i multl-partlcle

3'B, -75.322655 0.26 0.07 5.75 excitations




MPS & DMRG

« Many-body wavefunction from low-entangled limit

 DMRG algorithm is derived from variational principle for
MPS wavefunction

« Time-evolution can be done easily in terms of MPS/MPO
multiplications

* The similarity b/w HF and DMRG leads “post-DMRG”
methods to beyond the DMRG



Thank you for your kind attention
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