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Introduction: What are Green’s functions for?



R. M. Navarro Yerga et al. (2009)
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photon = o: absorption, reflection

photon = photon : Raman scattering, Compton scattering, XES
photon - electron : PES (XPS, UPS)

electron = electron: electron energy loss spectroscopy

electron - photon: inverse PES (BIS)

[Yu&Cardona] Yu and Cardona, Fundamentals of Semiconductors(3), Springer (2003)
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interacting electrons DFT (Kohn-Sham)
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(lllustrations from G.-M. Rignanese’s talk)
Remark: Kohn-Sham DFT is a many-body theory for the ground
state total energy, but a mean-field approximation for single-
electron excitation spectrum.
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Epp=1-A
= [B(N — 1)~ E(N)) - [E(N) — BN + )]
= [—en(NV)] = [—enpr (N + 1))
— :EA-“»"+1(N) - F_.-\,-'(Nj} 4+ [FN+1 (N + 1) — en (N)]

KS
— %é;p'+'ilﬂf " _fT_'_;\
Fo K_,/&'
 L—— _-'__l
Y 'Ks bandgap Energy gap

® KS HOMO-LUMO Gap #E,,,even with exact E,

® But for all explicit density functionals, e.g. LDA/GGA, A,.=0

Perdew & Levy (1983); Sham & Schlueter (1983); Godby & Sham
(1988)



interacting electrons

@ quasiparticles

@ weakly interacting

(courtesy of Dr. R. . Gomez-Abal)

Concept of quasi-particles
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‘Quasi-particle equation

.-'

W: screened
Coulomb

(G: propagator

H. Jiang, Acta Phys.-Chim. Sin. 26, 1017(2010)

@ weakly interacting
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Green’s functions for single-electron
Schrodinger Equations

Green’s function <& Green function



Consider a partial differential equation of the general form with a

certain boundary condition
(z-H() |w(r)=0

Z . a complex number

H(r) : a general Hermitian differential operator

— =

Green’s function G(r,r’;z) is defined as the solution of the following

equation with the same boundary condition for yAr):

[z— I:I(r)]G(r,r “2)=8(r —r")



[z H(r) G(r,r:2)=58(r—-r)

A()0,(1) = £,0,(1) I 206,01 =0 1)

S - Z¢(r>¢(r) Zw)w) jWW”dg

G(r,r’;2) isanalytic in the z-plane except at the eigenvalues of H
& z = ¢, (discrete eigenvalues of H): simples poles
@ z = ¢ (continuum eigenvalues of H and y.(r) extended states):
a branch cut
G*(r,re)=G"(r,r ;etin), n=0"
@ z = ¢ (continuum eigenvalues of H and y.(r) localized states):
a natural boundary



'A-__.

[z— I:I(r)]G(r,r “2)=8(r 1)

| Z-H(r) |y(r)= ()
G(r,r%z)f(rHdr', (z#¢,,€)

vr) :{G+(r,r he)f(r)dr'+¢.(r) (z=¢)

[E—ﬁo(r)]%(r;E):o m) G (r.r"E)
|E—Ho()-V(r) [y(r;E)=0 mip [ E-Hy(r) lw(r;E) =V (N)y(r;E)

——

w1 E) = w,o(F E) + [ Gy (r,r WV (r Y (r S Ear
(Lippman-Schwinger equation)



Ir many cases, we are interested in the perturbation expansion of

Green’s functions instead of that of wave functions

e

Go(2)67(2)6(2) = Gy(2)[ G5*(2) -V |G(2)

G(2) = éo(z) + éo(z)\fé(z) =>» a Dyson’s equation



--__

;Time-dependent Schrodinger equation

[i%—ﬁ(r)}y(r,t):o

(all in atomic units!)

[i %— H (r)}G(rt,r tY=8@ —r)S(t—t')

For H(r) independent of time, G(rt,r't’) = G(r,r'’;t — t')

Fourier transform G(r,rt—t") = ZirwG(r,r "w)e'”"dw
7

[a)— ﬁ(r)]e(r,r “@)=8(r —r")

But: G(r, r’; w) is singular if @is equal to any eigenvalue of H(r)!



{i %— H (r)}G(rt,r 't =80 —r)S(t—t')

Retarded Green’s function

G (r,rit—t") = zirm G (r,r;w)e ™ dw
7

-1 [T otine ™ de
27T 9=

' G(r r Z) Z¢ (;)¢8(r )

G*(r,r T)——|9(7)2¢(r)¢8(r) et (z=t-t)

G2 —i0( T)Zcb(rm () e
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Eigenvalues from the poles of Green’s functions

6(rr2) = 3 AT

~  Z-c
€ Density matrix
R/IA 1 _ ¢n(r)¢; (r ') _ * nN| O — L
G (r’r ’w)_zn: a)—gniiﬂ _Zn:¢n(r)¢n(r )|:Pa)_€n +I7Z-5(a) 8n):|
_ T 6.(Ng.(r) _. 3 1 ~(1) |
Pzn: w—¢ +|7Z',0(r,r ,C()) Xilﬂ :P(;j$|ﬂ5(x)

o(r,r ';a)):J—rilmGR’A(r,r ';w)zi[GA(r,r "w) -G (r,r ';a))}
T 27T
€ Retarded Green’s function as the propagator

W(r,t) = [GR(r,rt—t)¥(rt)dr



Green’s function for many-body systems:
General formalism

Outline
e Green’s functions: definition and properties
* Many-body perturbation theory based on Green’s functions

e Hedin’s equations



Heisenberg Representation

- a
— ¥ -0
Iat +(a)

(0() = [ ¥}, (a)O, (a,t) ¥, (a) dg
O, (a,t)=€e"04(q)e™,  (assuming H isindependent of time)



Field operators

w(x) annihilation operator = remove an electron atr
w'(x) creation operator =» creator an electron at r

7. 90), =[9100.9'6)], =0 [45] - 5584
:;ﬁT(x),;ﬁ(x')l:J(x,x') x={r,§, s spinindex

Hamiltonian of A-electron interacting systems
ﬁ:/dxlt,m(xl}hﬂ(xl}ya(}[l} hO(X)———V2 +V,.(X)
1 . . .
+ 5]dxldxz”{xla12}%'5"1{}[1}%'7"1(xl}fﬁf’{xz}ﬁ’{xl}:
Field operators in the Heisenberg representation
l// (Xt) |Ht T(X)e iHt
p(xt) = € (x)e

|Ht



H = [ " (xt)hy, ()37 (xt) +% [ axaxv(r —r 5" Oty (x ) (x ) (xt)

(one-body) Green’s function

G(xt,x't) =—i (N|T[ ¥ (xt)y" (x't") ||N)

IN) the ground state of the A-electron systems

e

T time-ordering operator

y(xDw'(x't), t>t'
' (X)W (xt), t<t'

Gxcts x't') = —i0(t — ') (N] Dty (X¥) [N) + (¢’ — £) (N] & (<t (xt) |N)

f[sﬁ(xt)eﬁ*(x't')}{

Note: G(xt;x't) =limy ,+G(xt;xt") = G(xt;x't")



Gt xY) = —i0(t ) (N] Dt () [NY + i8¢ — ) (N () ) V)

|
t > t » GR(xt; xX't") = —if(t — ') (N|(xt)t (x't') | N)

1) ¥' (x,t)|N) 9 add an electron to the system at x’ and ¢

2) y(x, ' (x,t)|N) = take an electron away from the system

at x and f

3) (N|y(x,t)y"(x',t)|N) = project to the ground state (measure!)



T IGMLXT) = B(t ) (N[ () (1) N — Bt~ 1) (N[ () (xt) N

1
<t » G (xt; x't) = ib(t' — 1) (N| ¢ (X't )¢ (xt) [N}

1) w(x,t)N) = remove an electron from (add a hole to )

the system at (x,¢)
2) 7' (x )W (x,)|N) = add an electron to (annihilation of the
hole) the system at (x',t’)

3) (N|y'(x' t9%(x,t)|N) =>» project to the ground state (measure!)



Gt xt) = —iB(t — ') (N] d(xt) D () [N + i8¢ — t) (N| D () (xt) [N)

’, d(xt) = 1t (x)e e

t— ) (N ()e e B (e | )
= ) (N] M (e M e M ()= V)
t— 1) PNt (] (x) e~ =4 H () |N)
= )N N ()04 () [N

e~ e~

> M, s)(M,s| =1

M. =

G(xt; X't') = —ib(t — ) 3 e BB (N| (x) [N + 1, ) (N + 1, 5] () |N)

+i(t —t) Y | e EN-LemENED (Nt () N — 1, 5) (N — 1, 5] h(x) | N)



Gxt; x't) = —i6(t — ) Y e EvrraENEE) (N (x) [N +1,5) (N + 1,5 1 (x') | V)

S

(! — 1) 3 LB (N ) [N — 1, 5) (N = 1,5 d(x) V)

fo(x) = (N]d(x) [N + 1, 5)
Es = Ent1s — En

fo(x) = (N — L[ (x) |N)

Es=Ey — EN—I,s

= EN+1 — EN + EN+1J.3 _ EN-l-l p— EN — EN-] + EN—l - EN—l-S

= piny1 +E(N +1)

= UN — ES(N — 1),
Unii — pUn = Enp +Eny1 —2Ey=E; >0

metallic systems: Insulating systems:

po=(un1+ pn)/2

HN+1 — HN = H

G(x,x';7) = G(xt; x't")
= =i Y X)L ET[O()0E — p) — 0(=)0( — E,)]



o<

——Ejf { (Es — p)(—i [/Zﬁﬁkmkﬁﬁm-%w#e@{/ 0(—7)e @) dr

— o

1

o(1) — é(w) —

* dw e T
oo 2T W + 17

w + i

(Es—p) | B(p—¢&)
xxw Zfs {w—5+m+w—53—in




0 —p)  Opn—E&)
w—E+in w-—E& —in

Gl xsw) = 3 A0 () {

\ 4

Loy fs(x) 5 (x')
G(x, X w) = ZS: w—E; —insgn(p — &)

(hole excitations)

...xxxxxxxxxx:::}ml EA Re(w)

||.= >

IE ,u_m{xxxxxxxxxxx...
(particle excitations)

f(x): Lehmann (quasi-particle) amplitudes

Zf = (N (x)9" (%) + ¢ (x)d(x) |N) = 8(x - x)



Spectral function A(x,x";w) Z fol(x — &)

Spectral representation of Green’s functlon

Tim(w)

foo0 . K
G(x,x w) = / Alx, x5 }Uim‘r ' i Re(@)
C .

w—w -int

Alternatively,
o0 Alx, x';w'
G(}[J}[F;M} — / [:}[:I ,'-r'LJ } d-f,dI

o W—w —ansgn(pu — w')

m:i:?]r;_

Alx,x";w) = sgn(p — u}} IG(x,x;w)



pectral function Alx,x5w) =) fo(x) fo(x)d(w — &)

Non-interacting systems
Ak,0) =) (0 — &)

Interacting systems 4 L

The Spectral function ey i
{(GW for jellium) — T
d-ﬂ"’fp -
.o-"'"-'-'- -\-\-\"'\-\__\_\_\_
A (@) — .
Ll )e e T
14
12
10
B
ﬁ E i ] - r -}
4 ; . =
2 . = _
Dn f:-:‘:\'_ - - = 2
T T
02 -~ /’fﬁfﬁf =
0.6 0.8 fﬂjf::";fﬁ ﬂJ."r-E-f‘
k-'f.ﬁ:r ! 1 1_; fﬂfﬁ ﬁ -1
re=2.0 % 16 ==

[courtesy of Martin Stankovski (Université Catholique de Louvain, Belgium)]
(Figures from G.-M. Rignanese’s talk)



Green’s function for many-body systems:
General formalism

Outline
e Green’s functions: definition and properties

 Many-body perturbation theory and Hedin’s equations



ﬁ:\[dxlffa.r(xl)hﬂ{_xl}ffa{_xl}
1 L
5 [ oo, x) ! (x0) (x) D) ).

G(}Cltl;}[gtg} = —1 (4M| T !’IE’[:}E]_'L']_ }&T(Igtg)} |PJ}

S (xt " -

[IE — h{](xl)] G(xltl:xztﬂ) - 1\[!13{3“1.’(}(1!}(3}(:2\?'5

= 0(x; — Xp)d(t; — 1a).



[za% — hﬂ(xl)] G(x1ty, Xota) — @ fdxﬂﬂ(xl:xﬂ} (‘ﬂ T l'ﬂE’T(XHtl)é(xﬂtlh@(xltlhﬁ(xgtg}} |*M>

= 0(X; — Xp)o(t; — ta).

Two-body Green’s function

GE(Iltl y Xot o, Xty 1-1?54}

= & (N|T [t (st )i (xata) 9 (xst) | [V)

g

e, .
|:1E - hu(xl}] G(xit1, Xota) + 1[ dx3v(x1, X3)Ga (X1 t1, Xata, Xat1, Xat] )
1

= 5(}[]_ - }{g}é.(t]_ — tg},

Similar EOS can be derived for G, which involves G,, and so on.



7, _
[?3? - hu(}il}] G(x1t1, Xots) + E/E’iX;a”(}Elz X3)Go (X111, Xoty, Xat 1, Xat] )
5]

= 0(x1 — x2)d(t1 — t2),

=» Hartree approximation G(xt:xt) = G(xt:xtt) = ip(x)
(s (Iltl,}igt:g, }E;atl,}[;aﬂ_} i G(}[ltl:}[Etz}(‘;(}[;itl,}mt?}
=>» Hartree-Fock approximation
Ga(Xity, Xoto, Xat, Xt ") = G(X1t1, Xot2 )G (Xat1, Xat ) )

+ G{.}[ltlj }[iitf)G{}[;itl ; }[gtg} .



" Definition:

7 f dxau(xy, X3)Ga (X1, Xats, Xat, X3t] )

= — Vul(x1)G(x 1), Xaots) — [dx:i.dt:-].E(xltl;xﬂt:i)G(thH:IEtE}:
Equation of Motion

d
[zat—l — hp(x1) — Vi (xl}] G (X1t Xaty)

- fdxﬂdtﬂz(xltljIﬂtﬂ}G(xﬂtHjIEtE} = 0(x; — X2)0(t; — t2)

‘Fourier transform

w — ho(x1) — Vir(x1)] G(x1, X5 w)

— deHE{IhKH-;m}G(IH: I:z;'id} = 5(3{1 — Iz}-



@ — ho(x) — Vir(x1)] G, %53 )

— fd}cﬂﬂfl}cl,}cﬂ;m}(?[xﬂ, ILL:J} = 5(}[1 — }[g}.

; in matrix form

(wl —Hy) G — G =1

Golw) = (w1l — Hy) ™ => Hartree approximation

G(w)=(wl —H; - %)

-
G =G)+ G 2G

Dyson’s equation (again!)



(wl —Hy)G - XG =1

(ho(xy) + Vig(x)] W, (x; w) + [fﬁfzztxlz Xo; W)V, (Xo;w) = E, (W)W, (%;;w).

[hﬂ(xl) + VH(IL} mn{.xl;m} + f fﬁ(EET(xl,xg;m}‘I‘L(xg;m} - E;[m)‘FIL(xl;m}

g

(10 - 3 i

n

Quasi-particles En = En(wn)

9 w = ETL(E.:J} — En \Ijn(x) - an(x; wn) — an(x;%gn)

(ho(x) + Vi (x)| ¥, (x) + fd}c’E(x, X E )V, (X)) = E,,(x)



» Diagrammatic expansion (Wick’s theorem)

.WOE}

(a) T (©

T

(f)

» Equation of motion and functional derivatives

[i % —h, (X) =V, (X) + ¢(X, t)} G(xt,x't") - 'f dx”’dt”"X(xt, x"t")G(x"t”,xt") = 6(x = x)o(t —t)



P(1,2) = —z‘/d[Sd)G[l,B)F[S,4,2)(}[4,1+}, (G
Gj

5§5(1,2)
5G(4,5)

(1,2,3) = 5{1,2]5(2,3]+fd(4567) G(4,6)G(7,5)T(6,7,3).

! i <
= ® + §Z l_‘
(Figures from G.-M. Rignanese’s talk) ¥ v oG ,




; adlabatlsmall perturbation

oGH(1.2
L2 G, 9)63,8%) — Ga(1,2,3,3%)

09(3)

1 f dx ;v (Il ; 13)@2 (Iltl , Xola, X3t1, K:’:ﬁL }

= — Viu(x1)G(x1ty, Xata) — [dx:adt:iz(xltl,K:-}t:-})G(Iaf:hK:ztz)

[amsa.s6e =i [ @2
= %(1,2) = i/d(34)v(1 3) i(é)é‘)c;q(“)



— =2
= 0O
1
LR G+G10G 0
OO 0,
60G 6G~1
,—:—G — G
= 0Q 0O
5G1(4,2)

N(1,2) = — f d(34)v(1,3)G(L,4) 903



5G1(4,2)

0¢(3) >

: G(1,2) = Guﬂ,?)+fd(S}d(d}G{mil,S}E(S,4}8(4,2)

V(L) = Vu(1) + o(1)

$(1,2) = —ifd(Sd}u{l,S}G(l,d}

. d
|:’I.El - h.[][;l} - V{l)] G{](l, 2} = 5(1, 2)

G, (1,2) = {1(‘}% — ho(1) — 1/(1)] 5(1,2)

G1(1,2) = {15-% — ho(1) — vu}] 5(1,2) — 3(1,2)

1



$(1,2) = fd(gd}uu 3)6(1,4)%8 @{(3} )

V(1) = Vu(1) + o(1) [(12,3) = ‘wavéai )
SV (1)

00(2)

“1(1,2) =

1 5 5
$(1,2) = _1-fd(mﬁ}«u(l,3}6(1,4}5ivgf} 51;((5}}

ifd(Sdﬁ}v(l,S}G(l,d}F(d,2,5}:-:_1(5,3}

i[d(dﬁ}@(l,d}w(ﬁ,1}F(4,2,5} @
ifd(ﬁd}(?(l,iﬂ}ﬁ’(d,1}1"(3,2,4} : G




34)

G(4,17)

V(2)

/
=2 /d T(3,4,2)G(4,17) o






-

G '(1,2)

I'(1,2,3) = — V03)

5%(1, 2)
5V (3)

=5(1,2)8(1,3) +[d(45}

=§(1,2)5(1,3) +

5%(1,2) 6G(4,5)
5G(4,5) oV (3)

_ 5(1,2)6(1,3) — f A(4567) gg%z:28(4,6}5%;%2;7}8(?,5}
59(1,2)

= 5(1,2)8(1,3) +fd(456?} G(4,6)G(7,5)I(6,7,3)

! I 4 ‘ i
oX _
bj =5f-‘3;r;_1,. + BG F . 3
A 2 5 !

5G(4,5)




W=v+ WPv I

P=—-iGG




" The expectation value of one-body operator

7= 35 = [ dxilxix)0(x. )

(J) = (N|J|N)
_ f dx (N9 (x,1)j (x)9(x, ) | N)
- f dxj(x) (N9 (x", )b (x, 1) [N) o
_ / dxj (x) (N| Top(x, )t (x, ¢7) [N) ..
= —i f dx [j(x)G(xt,xt)]

Examples: (TY = (N|T|N) = —i f dx {—%‘G""'G(xt,x’f}]

p(r) = (N|j(r) |N) = V|Z§r—rt}|‘f f(?(xtxfr



~ In general, two-body physical properties cannot be obtained

directly from one-body Green’s function.

2
Exception: 1 "

O [ xt), B = ho(x)i(xt) + f Ax'v(r, 1) (X (x't) ()

ot

(Vee) = —E/dx lim {?E — hyg (}[}] G(xt,x't")

2 x'—x ' —iT l!!}n"'

Galitskii-Migdal formula

Ey=(N|H|N) == —% /rjx lim [?% + hg (}:}] G (xt, x't')

x' = =it {



GW approximation and implementations

Outline

 GW approximation

* Implementations of the GW approach

H. Jiang, Front. Chem. China 6(4): 253-268 (201)
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W: screened
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(3: propagator



b (X )20 (X') Wh(x,x";w) :/dx"" “x, x";w)v(r” — 1)

e(x,xsw)=1-— /dx”v(r,r”)Po(x” X' w)

Py(x,x" w) = _QL Go(x, x";w + )Gy (X', x; W) dw
s

2. (rro) _[G (r,r; o+ o)W, (r',r;0)e"” do'

Jr

8 =€, + Zn(En <tzfn| E En — V;:c ‘wn>

N o | -1
=e, + Zy(€,)05,(€,) 2,(8) = 1= (55 @l Z@)ln)) |
w=Fk

Hybertsen and Louie(1985); Godby, Schliter and Sham (1986)




‘Polarization function

R, X, @) = _zl_ﬂjGO(X’X'; o+ )G, (X, X; @) da

= (0= f v, (v, (v, (X, (X'){ ! _ 1 }

w—E,+E, N w+e —€,—IN

=Y F (@)@, ()P, (X))

Self-energy

i AV W (@) i)
) =>» —|d
alZe(@lvi) =2 [ o b =e, rinsnu-e)

k

<W//j |Wo(w)|l//kl//| )= Hw Ny (r W, (r.r ' @)y, (1), (r )drdr’

Key ingredients:
€ How to expand the products of two orbitals = the product basis

€ How to treat frequency dependency



el = e +( Uk (1) | R [E(r r'; quli)l ~Vie(m)d(r—1') I;air,.,k{r’})

Product basis: k(I l-'ﬂf:;!.k—q{r) = Z M.f;lm{kv q) X?(I')

BZ
o(r,r') = Z Z O;i(q) x}r) |)(j!(r")|"=
a ij

O=v,P,e, W (=W —v)

oCC

1 BZ
ﬂk _FL Zq: (k q)l M!m(k q) Xnm(k,q;a)l)

] m

C oo I\/Inm(k q) ch(q,w')Mrfm(k,Q)
an ((()) - ZZZ 2” j—oo :|

C q m |J C()-I-(()—Smk_q
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GW approximation

From Wikipedia, the free encyclopedia

The GW approximation (GWA) is an approximation made in order to calculate the self-energy of a many-body
system of electrons. The approximation is that the expansion of the self-energy 2 in terms of the single particle
Green's function G and the screened Coulomb interaction W (in units of f, = 1)

Y=1GW —-GWGWG + - --

Software implementing the GW approximation | edit |

ABINIT - plane-wave pseudopotential method

BerkeleyGW & - plane-wave pseudopotential method

FHI-aims& - Numeric atom-centered orbitals method

Fiesta® - Gaussian pseudopotential method

Quantum ESPRESSO - Wannier-function pseudopotential method

SaX#& - plane-wave pseudopotential method

Spex# - full-potential (linearized) augmented plane-wave (FP-LAPW) method
TURBOMOLE - Gausssian all-electron method

VASP - projector-augmented-wave (PAW) method

YAMBO code - plane-wave pseudopotential method

GAP - an all-electron GW code based on augmented plane-waves, currently interfaced with WIEN2k
west & - large scale GW

molgw & - small gaussian basis code



& Planewaves 20(r) = xa(r) = Nexp[l(q+e) r]

Wnk = chk;GZ(l; (r) M r?m(k1q) :V_ﬂzzcnk;G'C:nk—q;G'—G
G G'
1 A7
= A\d, = O — P.. , (D).
Voo () =1 g leer el = ke Tl gy e ()

Codes: abinit, yambo, BerkeleyGW, SaX, vasp

& Atomic-like orbitals 1 a(Rst,
220 = gz 2870, -R-1,)

I R

X =22 a0 (X), @5 ) 1x)(q) = 5(q) [ X] (@)S;(a)

q a.fp
S,(Q) = jvdr Kz (r)]* 25(r). [X],, @ = [ dr [ drz, ()X () 23(r).
Codes: FHI-aims, FIESTA



" @ Mixed basis
(L)APW+lo(+LO) basis

ZAai;lm (k + G)ua«;l(ra)yhn(i:a) r‘ < RaMT
Clm
¢é(l') =1 Al0
9(; ei(k+G)-r rel.
/2

{uaﬁ (r)uaé“'l ' (r)} u_lfl-\jrz?z — {VNL (r)}

Z IOI(RHO{)VNL (r*)Yu (), re MT spheres

2 (r) =+

S €9, r e Interstitial
s

\<G

Codes: GAP, SPEX



> Static approximations

€ Coulomb hole-screened exchange (COHSEX)

. oce . l ' * ] 1 *°
ReX(r,r' @) = _Zl//nk (Y (ORW(r,r;0-¢€,) _Zl//”k (Y );PJ.O de
nk nk

, SW,(r',r; @)

/
a)_gnk _a)

=~ —f%k Oy, (TYRW(r',r;0) +%5(r'— FW,(r,r;0)

= (r, )+ 25 (r,r)
» Generalized plasmon pole (GPP) model
» Full frequency treatment
€ Imaginary frequency + analytic continuation
@ real frequency Hilbert transform

& Contour deformation



~ Plasmon pole model for homogeneous electron gas

Ime™(q, ) = A(Q)5(w-w,(0))

Generalized plasmon pole models

IMégg (0, @) = A (A)S (@~ @ (a)
Ree(q, @) =1+ 2 P‘[d ,a)lmg (q W) _ = 6. E GG(Q)ASG(Q)_

W~ @’ T @ (0) -0

€ Hybertsen-Louie (HL) model

€ Godby-Needs (GN) model

@ von der Linden-Horsch (vdLH) model
@ Engel-Farid model



= e . T,
. = — LW - . —
o & ——— e

IMége (0, ) = Ay ()0 (0— @ (a))
Two parameters for each G, G’ are determined by

1) Static dielectric function ®»=0

2) The £sum rule ) T
Jo@Imegs (@, @)do = -7 Q5 (@)

Ar(q+G)-(g+G)

Q2 _.(q) =
<@ lgrcla+c!

p(G-G)

U2
As(d) = %[566' _géé'(Qﬁ)] Qg |
N -
72
[566' N g(;é (q,O)]




ImgGG (q,w) = As (Q)§( — Wy (Q))

Two parameters for each G, G’ are determined by

1) Static dielectric function ®»=0

2) Inverse dielectric at a chosen imaginary frequency, a=1a,

Ase(Q) = %wg [(Goe —€oe: (1, 0)) (£56:(9,0) — 56 (0, 1,) )

. 1/2
£o6(0,0) — 5 (@i @)

s (Q) = @, -
e ’ 5@6' _ gG%;'(CI’ O)




. Imaginary frequency plus analytic continuation (IF-AC)

BZ occ unocc _2( £ =
n

R @in=25 53

nk q) i j *
u +(8nk — &k q)zanm(k,CI)[Mnm(k,q)]

E q—iu)Xnm(k,q;iu’)
) 2 '
—|u)

2
2, (iu) ZZJ-O au

u? + (8mk_q

Xy (iu) = Z - pk;k

-w

L ()= Z p L




Contour deformation (CD) approach

c — I_ * / Xnm(a),)
% (@) _Z j—wda) w+& —&, —insgn(e.—¢€,)
. ( 2(e,,—w)
20 (@)= Z-[ (5 —w)’ +U’
nm (8m _ (())[9(€m — F)e(w_ gm) - H(EF o gm)e(gm _ (())]
Almw’

Poles of W (w”)

o000 000 0 x

) > - > >

eoo\o0o0000O0OO0 RE(.U’
£,-w<0
m € unocc
. |

Poles of G(w+ w’)




H(E) W) = [Ho + (€| W) = &, |T,)

Approx SCGW

Full SCGW H ‘1 = ¢, \t
L"ﬂ Z Con [t) bﬂ
< ) ,Lw - & O;w — ( >
;w(g (] Ho |thy) + S (€

Faleev-van Schilfgaarde-Kotani (QSGW) scheme (PRL 2004)

@) _ Ay b D
H » HH:.- — {'??-!.J”| H[] |'1|-!.JL,.> + 5 E;w(ﬁp) + EHL’(EL’)}



» Parameters for KS DFT:
@ pseudopotentials, PAW or LAPW?
@ basis for Kohn-Sham orbitals
» Quality of product basis
» Number of unoccupied states considered (P& 2. )
» The integration in the Brillouin zone: the number of k/g-
points

» The frequency treatment and related parameters

H. Jiang, Front. Chem. China 6(4): 253-268 (20m)



Examples for applications of the GW approach
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Band Gaps [eV]
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H. Wang, F. Wu and H. Jiang, J.
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Phys. Chem. C, 115, 16180, (2011)
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Jiang, H., J. Chem. Phys, 134, 204705 (2011);
Jiang, H. J. Phys. Chem. C,116, 7664 (2012).



c—© Expt.
—a LDA+U
v—v GWU @LDA+ U

0 |
La Ce Pr Nd Pm Sm Eu Gd Tb Dy Ho Er Tm Yb Lu
Ln,O,

H. Jiang et al. Phys. Rev. Lett. 102, 126403(2009);
Phys. Rev. B 86, 125115(2012).
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P (eV)

exp

Rostgaard, Jacobsen and Thygesen, PRB 81, 085103 (2010)



THE JOURNAL OF CHEMICAL PHYSICS 129, 084311 (2008)

Neutral and charged excitations in carbon fullerenes from first-principles
many-body theories

Murilo L. Tiago,"a}' P. R. C. Ken’t,1 Randolph Q. Ht::u.::-::i,2 and Fernando A. Reboredo'

[

ASCF-DFT QMC GW, GWy scOWe Expt.
7.31 7.27(11) 7.99 7.35 7.41
1.77 7.70(10) 8.49 7.86 7.81

7.29 7.29(14) 7.97 7.33 7.35 7.61°

7.61 7.86(11) 322 7.70 7.86 7.6"

7.54 7.69(12) 8.12 7.53 7.45 TAT

Cyp (Dsy) 6.67 6.30(10) 7.24 6.59 6.65 6.84"
Cyo (15) 6.86 6.91(10) 7.45 6.90 6.95
Average error =0.10 -0.09 0.51 =0.09 —0.05

Root mean square error 0.18 0.36 0.52 0.20 0.21




PHYSICAL REVIEW B 84, 195143 (2011)
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Electronic structure of copper phthalocyanine from G,W, calculations

Noa Marom,"" Xinguo Ren.” Jonathan E. Moussa.' James R. ChelikDWSk}’,]’S and Leeor Kronik*
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